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String theories are described by two-dimensional conformal field theories and are consistent

only in twenty-six (bosonic string) or ten (superstring) space-time dimensions. As it is well-

known, phenomenology imposes all of them to be compactified, except the four dimensions

observed in our universe.

The compactification procedure, however, always introduces



a certain number of new fields called moduli whose expectation values are related, for
example, to the size and the shape of the compact manifold and determine the parameters
of the four dimensional effective Lagrangian. Without fixing these expectation values,
string models are not predictive. A lot of work has been done in the last few years to
fix the value of these moduli, but we are left with the problem that there are too many
possibilities and there is the feeling among many string theorists that something important
is still missing.

In general, in order to obtain an N' = 1 supersymmetric version of the Standard Model,
one needs to compactify the six extra dimensions in a Calabi-Yau six-dimensional space.
However, it is not possible, in general, to have an explicit formulation of string theory
in these backgrounds. Therefore it is not really possible to construct explicit extensions
of the Standard Model and compare their results with phenomenology. If one wants to
do that, then it is necessary to restrict oneself to orbifolds and orientifolds of toroidal
compactifications.

Starting from the observation that one wants chiral fermions, as required by the Stan-
dard Model, string theory models based on intersecting branes have been proposed and
extensively studied. In particular, type IIA orientifolds with intersecting D6 branes, to-
gether with their counterparts in type IIB theory, have provided a phenomenologically
interesting class of very explicit string compactifications [f]-[.

In these models one only considers the simplest case in which the six-dimensional
compact manifold is the product of three two-dimensional tori T2 x T? x T2. If, for the
sake of simplicity, the analysis is limited to the torus described by the two coordinates !
and x? with one stack of D6 branes being placed along the 2! axis and a different one at an
angle # (0 < § < ) in the plane (2!, 22), then one gets the following boundary conditions
for an open string having one endpoint attached to the first stack of branes and the other
endpoint attached to the other stack:

0o [COS(G)X1 - sin(H)XQ]UZO =0; 0 [sin(H)X1 + COS(G)X2]U:0 =0 (1.1)

and Neumann and Dirichlet boundary conditions respectively in the 1, 2 directions at o = 7.
If one considers a squared torus with radii Ry and R, then the angle 6 is easily seen
to be given by:

mRQ
tan § =
an
where (n,m) are the wrapping numbers along the directions 1 and 2 respectively of the

second stack of branes. If one performs a T-duality transformation along the direction 22,

that amounts to exchange o < 7, the boundary conditions in eq. ([[.]) are transformed
into the following ones:

[0, X* —tanm/@TXz]a =0 ; [BUXQ—l—tanm/@TXl]a =0

=0 =0

that are the boundary conditions for an open string having the endpoint at ¢ = 0 attached
to a brane with a constant magnetic field, given by:

m o

n RiRy’

tan v = 27’ fio =



where tan v is obtained from tan 6 by the T-duality transformation: Ry — g—;. In the
T-dual theory the integer n multiplies the volume of the T-dual torus, and thus it plays
the role of the wrapping number of the brane on the whole torus.!

Being the brane compactified on a torus T2, the first Chern class for an SU(XN) non-
abelian gauge field living on it must be an integer, i.e.:

/ T = 27 IF N = ! — 27 IF = m (1 2)
r| — | =27« =m o = — .
“ 5 12 12 N

being M the brane worldvolume. It is easily seen that the wrapping number m, along the

2 in which the T-duality transformation is performed, becomes the magnetic

direction x
charge m’ and the wrapping number n along the other direction z! becomes the rank of
the gauge group N that is also equal to the wrapping number on the entire torus 72. In
conclusion, this analysis suggests that a brane wrapped n times along the first cycle of the
torus and m times along the second cycle of the torus becomes, under a T-duality performed

2

along the second axis z“, a magnetized brane with magnetic flux m that is wrapped n times

along the whole torus and that is described by a non-abelian gauge theory with gauge group
U(N) with N = n.

The fact that, in order to describe branes wrapped N times on the torus T2, one
needs a non-abelian gauge theory U(N), has been advocated by many authors [f—]. In
particular, in ref. [I0], it has been used for computing, among other things, the Yukawa
couplings in the field theory limit (o' — 0) corresponding to massless open string states
attached to magnetized branes. In this approach a D-brane wrapped N times along the
torus T2 is described by a U(N) gauge theory just like a stack of N D-branes only wrapped
once. The difference between the two systems is that in the latter case the gauge holonomy
is the identity, while it is not trivial in the former. This implies that for N branes wrapped
once the gauge theory quantities are periodic in going around the two cycles of the torus,
while for an N-tuply wound D brane one gets instead a gauge bundle whose non gauge
invariant quantities are periodic only up to a gauge transformation.

At this point a question is natural: do the previous considerations mean that a brane
wrapped N times around the torus 72 is necessarily described by a gauge bundle of a U(N)
gauge theory? Instead of trying to answer this question directly, let us observe that, if one
uses an abelian rather than a non-abelian field, then the factor N in eq. (.3) could be in
principle reproduced in a different way. In fact, in this case, eq. (L) becomes:

F
/ (—) = 27T(XIF12N = m' (13)
M 2T

where now the factor N = n is not obtained from the trace over the non-abelian group as
before, but from the fact that the brane worldvolume is /N times the volume of the torus

(2mv/a/)?, differently from the non-abelian case where the brane worldvolume coincides

I This wrapping number, which we use in the paper, is not the same thing of the geometrical embedding
since it contains less information. A geometrical embedding of a T2 into T2 is characterized by a matrix

<g J ), up to SL(2, Z) transformations, which has wrapping n = pq.
q



with the torus, as a consequence of the different periodicity conditions on the embedding
coordinates.

This second logical possibility can be realized, for instance, by a particular system of
D-branes that we call Narain branes. These are indeed obtained from a system of non-
magnetized branes by acting with the Narain T-duality group. It seems to us that this
point of view has been taken in refs. [[-[Lf. This was also the point of view taken in
refs. [[[7, [[§], but with some differences with respect to the previous ones.

In this paper we will discuss both points of views and compare them. There is also
another reason for our analysis. In fact, while on the side of the intersecting branes a unique
and complete string description (up to non geometrical data) is available and amplitudes
involving both twisted and untwisted open strings have been computed, on the side of
magnetized branes, instead, only partial tree-level string calculations have been performed
and, as far as we can see, a complete string description of magnetized branes is still lacking.
For example, in the case of the Yukawa couplings, only a part of the amplitude has been
computed at tree-level in string theory [fl, [[], while the rest has been obtained in the field
theory limit [[I(]. The complete expression of the Yukawa couplings has been obtained from
the corresponding computations in the intersecting branes scenario via T-duality [20—PJ
or from the two-loop twisted partition function [23, p4].

In this paper we make the first step toward a more complete string theory formulation
of magnetized branes on the torus.

In particular, on the one hand, we show that, in order to describe wrapped branes,
we need to extend the concept of gauge bundle to string theory and in this framework
we write the equations that characterize the physical states when one goes around the
two one-cycles of the torus. We show that in this case the Chan-Paton factors, unlike the
usual ones describing the non-abelian degrees of freedom, are momentum dependent. Then
we construct the boundary state corresponding to wrapped magnetized branes described
by gauge bundles and compute the one-loop partition function. The boundary state is
constructed in two different ways. The first consists in factorizing the annulus diagram
computed in the open string channel which fixes the boundary state up to a phase factor
and the second in a direct calculation involving the non-abelian Wilson loop. We find
agreement between the two procedures up to a phase factor.

On the other hand, following the other logical possibility discussed above for describing
the wrapped branes, we start from a theory with no gauge field and we get a theory with
a non-vanishing gauge field by using the general T-duality group found by Narain. We
then apply the same technique based on T-duality for constructing a boundary state with
a gauge field on it from the usual boundary state. It turns out that the boundary states
determined in the two approaches are not identical, but give the same one-loop amplitude.
The boundary state obtained in the gauge bundle scheme contains an extra phase factor
that, however, does not contribute to the annulus diagram.

We then compute in these two theories disk amplitudes involving both open and closed
strings showing that they are different. Hence, if we only focus on the first Chern class con-
straint in order to characterize the T-dual of intersecting branes, we do not have yet enough
elements for distinguishing which of these two inequivalent descriptions is the right one.



The paper is organized as follows. In section J] we study open strings in an arbi-
trary toroidal background interacting with a magnetic field living on the compactified
directions. We introduce the conserved generalized translation operator and the notion of
gauge bundle.

In section f] we discuss the gauge bundle in string theory as a description of wrapped
magnetized space-filling branes. We construct the corresponding boundary state, compute
the one-loop diagram, and give the open string vertices containing the Chan-Paton factors
that are momentum dependent. In this paper we will call non-abelian branes those based
on a non-abelian gauge bundle.

In section | we discuss the Narain branes. In particular, we construct their boundary
state, that turns out to be equal to that of the non-abelian branes apart from a phase factor,
and their open string vertices. We show that the two kinds of branes, even if they have
the same free-energy, are indeed different objects because they have a different boundary
state and different scattering amplitudes involving both open and closed strings.

Many of the calculations are presented in four appendices. In appendix [f] we summa-
rize our conventions. Appendix [B is devoted to the solution of the equations of motion
of open and closed strings in closed and open string backgrounds. In appendix [(] we dis-
cuss the transformations of various quantities under the general Narain group of T-duality
and in appendix D we perform the path-ordering calculation of the boundary state with a
background gauge field.

2. Open strings in flux backgrounds

In this section we study the effects of turning on a background gauge field living on a
d-dimensional torus and interacting with closed string backgrounds. First we review the
solution of the equations of motion for open strings (the case of closed strings is discussed
in appendix [B) and then we analyse how the translation generator gets modified when a
magnetic field is turned on.

2.1 Open string in open and closed string background.

Let us consider open strings on the d-dimensional torus, interacting with constant grav-
itational and Kalb-Ramond backgrounds and with an open string background consisting
of two abelian gauge fields with constant field strengths Fi(jo) and Fi(f) acting at the two
end-points ¢ = 0, 7 of the string and, in general, independent of each other. Such a system
is described by the following action:?

S = Sbulk + Sboundary (21)
where Spyik is given by:
_ 1 " a b aB af a b
Shulk = p— dr do |Gap0. X 03X 1 By 0, X" 03X (2.2)
T 0

2With respect to the notation used in [@] we have set gr — —¢xr.



being the world-sheet metric 7,3 = diag(—1,1) and ¥l = 1, while Shoundary 18:

Sboundary: _QO/dTAZ(‘O)aTXZ’IOO+QN/dTAZ(‘7T)8TXi‘UW
q0 0 i i qr ™ i i .o 7
- E/dTFi(j)X]X lo—o — g/dTFl-(j IXIXi,_r s dj=1,...,d (2.3)

where qg and ¢, are the charges located at the two end-points of the open string. In
eq. (R.3) we have used the following form for the background gauge fields

1 .
Ai = —= ijxj . (24)
2
The field A; in eq. (R4) is not a periodic quantity when we go around one of the two
one-cycles of the torus. However, on the torus, gauge non-invariant quantities as A; have

only to be periodic up to a gauge transformation [RJ:
. , . 1
Ai(@ + 20Vl §)) = () Ai(2?) Q7 Nx) — i=Qy(x) 9,07 () (2.5)
q

where ¢ is the gauge coupling constant and Q;(z) = Q;(277!) is the gauge transition func-
tion. From now we mean by gauge bundle the assignment of a background field, together
with a transition function which fixes the periodicity property of the gauge field. Analo-
gously, matter fields in the adjoint representation have to satisfy the periodicity conditions

O (27 + 2Vl §) = () d(a?) O (). (2.6)
Notice that, if we perform a gauge transformation

A2(x) = w(z) Ai(z) w () - gwm O ()

the transition functions transform as

Q7 (z) = w(x!, ... 2 —1—277\/&,...,3362) Q;(x) wil(xl,...,xcz). (2.7)

Furthermore, they also have to satisfy the cocycle condition, which simply means that the
gauge fields must be unchanged when translated along a closed path:

(2" + 27Vl 8F)Qu () (%) (28 + 2m Vel oF) = Ty (2.8)

J K3

For the choice of the gauge field given in eq. (B.4), the gauge transition functions satisfying
the identity in eq. (R.§) are

Qy(z) = e~V aFy (2.9)

With the previous choice the cocycle condition is trivially satisfied because it is equivalent
to require that the first Chern class is an integer, as we will show shortly.

The above considerations can be extended to the case of a U(1) gauge field that is
included in a U(N) gauge theory. In this case we have a non-abelian gauge bundle where



the gauge transition functions are non-trivial unitary matrices. A possible choice for them
is R
Qj — efiW\/aqFjixiwj

where we have extracted the U(1) factor from the gauge transition functions. The cocycle
condition imposes the following constraints on the w’s:

wi wy = e g, F,; = 2nd Fy;. (2.10)

By taking the determinant of the previous expression it follows that the field strength must
satisfy the condition:

qF;j N=ni; €7 (2.11)

where Fj; is constant and n;; is an integer. Eq. (R.11)) is indeed satisfied because it coincides
with the first Chern class for a non-abelian gauge field, that must be an integer. In the
case of an SU(N) gauge group, one can explicitly construct the matrices w; in terms of the
constant 't Hooft matrices Py and Qn [BH given in appendix A:

A~

w; =PYQY, i=1,...,d (2.12)

with s; and ¢; suitable integers. Since PyQn = e2™/NQx Py, then the cocycle condition
written in eq. (R.10) can be easily satisfied by choosing:

nij = Sit]’ — Sjti.

with n;; defined in eq. (.11)). One could also add Wilson lines and this can be done in two
different ways: either by adding them as a constant in the expression of the gauge field or
in the transition functions. We will discuss these two possibilities later on.

From the action in eq. (R.1) one can derive the equations of motion in the bulk given
by:

0a[Gij0°“X7] =0 (2.13)
and the two boundary conditions at ¢ = 0, 7:
Gy, X + (Byy = 2mc a0 Fy™)0-X7| =0, (2.14)
The solution of these equations can be easily found in the simplest case in which
w=t=q Fy =F"=F;
and the following condition holds:
det(qoF'” — ¢z F™);; =0

corresponding to the so-called dipole string. The case in which this determinant is different
from zero corresponds to the dycharged string.



In the dipole case the general solution [Rd, P7| can be written as (see appendix [B.3 for
details):

Xi(o,7) = 3 [Kir +0) + Xl — )] (2.15)

where the left and right moving parts are given, up to a constant, by:

XZL(T +o0) = (G_lé'); (X%(T + O')) (2.16)
and

Kh(r = o) = (GET) (X7 - o) (2.17)
with &£ defined by:

E=|&;jl=E"+2rd'qoF =G - B (2.18)
being

E=|Ej|=G+B

and

- - “ - i .
Xi(t+o)=2"+ 20/g”pj(7' +o)+ivV2 Z %eﬂ”(ﬁw)
n
n#0

. .. i .
Xp(r—0) =2"+2d/'GYpj(1 — o) +iV2/ Z & p—in(r—o)
n
n#0

where G;; is the open string metric:
Gg=£erG e

and G is its inverse. The quantization of the theory requires the following commutation

relations [ Pg:
[z, 27] =i 2ma’@Y  [2%,p] =iGY  [ab,,od)] = GUYmS im0
where © is defined by the relation:
(ENH9 =g¥ —eY. (2.19)

The operator Ly is given by the Hamiltonian in eq. (B.7]) and a straightforward calculation

gives:

o
Lo = a'piGp; + > Gija' 0. (2.20)
n=1



2.2 Translation generator in the presence of a magnetic field.
In our compactified string theory, described by the bulk and boundary actions respectively
given in egs. (B:3) and (P-3), the conjugate momentum density given by:

1
2mal

1 0« 1 ) s
+500F X7(0) 8(0) = SaxF X () 8(m — o)

P, = {Ginj + Bin/j]

is not gauge invariant, because of the gauge choice made in eq. (B-4) and is not a conserved
charge as in the case with F' = 0. This is not surprising because the string action, in the
presence of a magnetic field, is not invariant under translations. However, one can easily
see that the string action is indeed invariant under a suitable combination of a translation
and a gauge transformation [RJ] . In particular, with the gauge chosen in eq. (R.4), the
action is invariant under the combination of a translation X* — X* + €' (under which the
gauge field transforms as A; — A; + @A,fj ) and a gauge transformation 4; — A; — 0;¢
with ¢ = %Finj €'. We will refer to this transformation as a generalized translation. The
Nother current associated to such an invariance is given by:
1

2ma!

which is conserved as a consequence of the equations of motion.

J¥ (1, 0) = — [G;0°X7 — B;;€*P 95 X7]

The conservation of the previous current implies [B(]:

0 :/ do Dy J}*
0

zézwaﬁwwwﬁwmn—ﬁwmo}

m 1 » ) ) ,
=0 U doo——[Gi X7 + Bii X7 + qoF) X |p—0 — anzf)X”(f”}
0

where we have used the open string boundary conditions given in eqs. (R.14). It follows
that the generator of such a transformation is a constant of the motion that is simply given

by 29, BJ:
N 4 1 .. . ) - .
T = /0 do {—sz (Gij X7 + By X' 4+ aoF X76(0) — qu ) X76(0 — 77)}

= (g0F" = g F™)ija7 + 64 por g im0 Gig” - (2.21)

It differs from the conjugate momentum for the one half factor in front of the terms de-
pending on the gauge field. Moreover it satisfies the following commutation relation [B(]:

[TT]} — <q0F(0> - qu<”>) (2.22)

ij
It is interesting to observe that, when the dipole condition is satisfied, the same expres-
sion for the translation operator could be obtained by considering a slight modification of

eq. (B3):

gboundary = _Q/dT/ do EjX/in
0



= —q/dT/O do [aa (%FJXJX> —0: (%qFl-ijX/Z)] . (2.23)

This expression is equivalent to eq. (B.3) up to a total derivative with respect to 7 and
is gauge invariant. The conjugate momentum computed from the bulk action in eq. (P.3)
with the addition of the boundary term in eq. (R.23) turns out to be:

A 1 . /s /s
P, = % |:Gl'jX] —{—BZ]X]} — qFZ'jX]
1 » .
= 5 [Gin] + (Bij — qFij) X j}
1

=5 [(ET)304 X7 + (£)5;0-X7] . (2.24)

When integrated in do, it yields precisely eq. (2.21)) for the dipole case.
On a torus the system must be invariant under a generalized discrete translation, i.e.
z' — x4 27/ /. This means that the physical states are those which satisfy the following
identity:
Tilphys) = €™ T phys) = [phys). (2.25)

In particular, when the dipole condition is satisfied, the translation operator becomes
identical to the momentum operator in eq. (R.24) (as it follows from eq. (R.21))) whose
spectrum is determined by imposing the previous constraint. In this way one gets:

2

\/J

where k; is the eigenvalue of the operator p;. Taking into account these eigenvalues one

pilk) = kilk) =

L

can rewrite the operator Ly in eq. (R.2() as follows:
Lo = niQ”nj + Z Qijof_naﬁl. (2.26)
n=1

The previous analysis is valid when we have just D-branes wrapped once on the torus and
having a U(1) background gauge field turned-on on their worldvolume. In the next section

we will generalize the previous construction to the case of D-branes wrapped N times.

3. Non-abelian branes

In this section we provide a description of D-branes wrapped N times along the two-cycles
of the torus T2. We start discussing in section B.1 the case with vanishing gauge field that
has been already discussed in the literature and then we analyze in section B.9 the case
with F' # 0. We show that, in this description, D-branes wrapped N times along the torus
T? have Chan-Paton factors that are momentum dependent. Then in section B.3 we discuss
the non-degenerate case and in section B.4 the degenerate one. section B.J is devoted to
the construction of the boundary state and to the one-loop annulus diagram. Finally the
open tachyon vertex is constructed in section @

,10,



3.1 Non-abelian gauge bundle: F' =0

Let us start discussing the case with F' = 0, but with A having a non trivial background
value or, equivalently, when a Wilson line background is turned on. This is the case
considered in ref. [§] where the perturbative dynamics of open strings attached to multiply
wound D-branes is analyzed. A very important point made in ref. [f] is that a D-brane
wrapped N times around a torus can be described as a brane with gauge group U(N)
and with a non trivial holonomy group H # I. Actually, as stressed in ref. [BI]], the
existence of a non-trivial holonomy is what makes the difference between a bound state
of N D-branes each wrapped once around the torus (such a state has gauge group U(N)
but trivial holonomy H = I) and a single N-tuply wound D-brane. On the other hand, a
non-trivial gauge holonomy H arises when a Wilson line background is turned on, being
H=P [e“qf 4] and P stands for the path ordering. Thus Wilson lines provide a natural
way to describe multiply wound D-branes. However, as discussed in ref. [§], a Wilson line
background implies non standard kinetic terms for the fields. Therefore it is useful to make
a field redefinition which actually exchanges the Wilson line background with non-trivial
boundary conditions. More explicitly, let us consider the following U(N) Wilson lines

background:
az1 0
Ai=0;,=| o
0 aN

It implies the existence of a non-trivial holonomy group:

H = Plei1§ 4] = ¢ia2mOiVa’, (3.1)

Being the gauge field background A; constant, the periodicity condition in eq. (B.§) is
simply satisfied by the gauge transition function €; = Iy, which means that both the
gauge and the matter fields have trivial boundary conditions:

A 4 2mVald]) = Ai(2?) B(a7 + 2mV S = B(ad). (3.2)

However, the non-zero value of the background field A generates non-standard kinetic
terms. It is therefore useful to perform a gauge transformation with the gauge function

1

w(zxh, ... ,x‘i) — 190z’

so, according to eq. (R.7), one gets:

AP =0 QP = OV (3.3)

7

corresponding to a new description in which the Wilson line background is zero, but the
gauge and matter fields satisfy the non-trivial boundary conditions given in egs. (2-3), (B.6)
with € given in (B.J). Notice that the transition function in eq. (B.J) coincides with the
holonomy matrix in eq. (B.1).

3.2 Non-abelian gauge bundle in string theory: F # 0

In this subsection we discuss the case F' # 0 and extend the notion of gauge bundle,
discussed in section R.1], to the string level in the non-abelian case. The main difference

— 11 —



which occurs in the F' # 0 case is that, by choosing for example the gauge field as in
eq. (2.4), the gauge transition functions are forced to be non trivial, because A; itself is
not single valued under 2t — 2t + 2mv/’. In other words with F # 0 one is forced to have
non trivial holonomy.

Let us first go back to the abelian case describing a D brane only wrapped once on the
torus 72. The basic ingredient is the identification of the physical states under combined
translations and gauge transformations as expressed in eq. (B:25). In addition we have also
to impose the consistency condition which requires the string states to be left invariant
when translated along a closed path. This means that:

7;%— 2ﬂ¢—\phy8> T%—, 2ﬂ¢—\phy8> (3.4)
or equivalently:
(@) W 7 _
[7’%@, TQW@] — 0. (3.5)

Eq. @) can be considered as the extension to the string level of the cocycle condition given
in eq. (R.§). In the abelian case the constraint in eq. (B.H) is always verified. In particular,
when the dipole condition holds, it is satisfied because the translation generators commute,
as it follows from eq. (.29). In the dycharged string case, the right hand side of eq. (£.23)
is not vanishing anymore and eq. (B.§) imposes the following constraint:

@2V (qoF — ¢ F™); = 2n(n) — nT) nyj e (3.6)

which is indeed satisfied because this is nothing but the definition of the first Chern class for
a constant field strength. This is another evidence that 7 is the right translation operator.

The previous analysis is valid in the abelian case in which we have just two branes
wrapped once on the torus with two different U(1) background gauge fields turned-on on
their worldvolume. But if we want to describe two stacks of D-branes wrapped respectively
Ny and N, times on the torus, we need to extend the previous considerations to a non-
abelian case where the string states are dressed with Chan-Paton factors. The gauge group
is U(Ng) x U(Ny). In this case the generator of generalized translations acts also on the
Chan-Paton factors. We denote by wgo’ﬂ) the matrices acting on them. Physical states

must then satisfy the identification
VT (O () |, Bty = (B, £m), (3.7)

where the background gauge field has been taken in the U(1) part of the gauge group.
Moreover the following cocycle condition has to be satisfied:

2mVa )T (VT (,(0) w§o))Zh( (m) wj(jr )em|®, ht)
:e(gﬂ@)iTie(gw\/a_)zT( 0) Z())gh(w(w) ‘ )tm"b ht). (3.8)

(
] Wy

This equation is satisfied if we impose the relations:

(0 NG
00 L0 _ ow(,o)w(o) RGN Cop +2m# wi™ W™, (3.9)

iwj j ) ’ ) J ] 7
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Eq. (B.9) is the string realization of the constraint given in eq. (.10) and again it can be
satisfied by taking for the w’s the matrices in eq. (2.12).
Eq. (B-7) can also be written in the following suggestive form:

2V T () A @) limy V(2)[0) = Agyo lim V()[0)

where V(z) is the vertex operator which creates the corresponding physical state by acting
on the conformal vacuum and the matrix A is the Chan-Paton factor. In the dipole case
where ¢oF©) = ¢.F™ implies [TZ,T]] = 0 so that we can assume that the generators of
generalized translation annihilate the vacuum, i.e. T,]0> = 0, the previous equation implies
the important relation:

eQF\/JiTiwi(O)AV(Z)(GQF\/J’iTin(W))T = AV (2) (3.10)

which must be satisfied by the open string vertex V (z).

In the last part of this section we will analyze more explicitly the case of a constant
background gauge field satisfying the dipole condition and living in the identity part of the
U(N) gauge group. It follows that the first Chern class is given by:

Fiol
/Tr (%) =21ad/qFioN =nia=f €Z (3.11)
™
where we have used the fact that [ d*z = (2mv/a')2. In this set-up the cocycle condition
given in eq. (B.9) can be easily satisfied by taking:

wi=Qn  wy=Pyl. (3.12)

In general, the Chan-Paton factor A depends on the choice of transition functions. With

the previous choice, eq. (B.7]) gives the following constraints:

2V QL AL QN|®, k) = Ag|®, k)
e2Velz ptn Pot|d) k) = Ay|®, k) (3.13)

where we have denoted by k£ the momentum of the physical state and, as it will be clear
later, we have also assumed a dependence of the Chan-Paton factors on the momentum k.

It is useful to expand the Chan-Paton factors in terms of the complete set of 't Hooft
matrices:

N-1

Ap)im = Clinn, < h2P’“> . 3.14

( ) hl%zo (k, hs) QN N ). ( )
We will see in the next subsections that egs. (B.1J) fix the structure of the Chan-Paton
factors up to a c-number. When discussing the string vertices, we will explicitly show that
a phase factor is indeed necessary to ensure the correct hermitian conjugation property of
the string vertex.

In the following we are going to treat separately the degenerate case and the non-

degenerate one, where the great common divisor (GCD) between the first Chern class and
the rank of the gauge group is greater or equal to one, respectively.

,13,



3.3 The non-degenerate case: GCD(f,N) =1

In this case, by translating of 2w/ the string states N times along the i-th direction of
the torus, egs. (B.13) reduce to the identity:

ETVINPNL|D, k) = Al )

where we have used P]]\\/ = Q% = 1, giving the following quantization of the momenta:

n;
Vol N
Eq. (B.15), when used in the first of eqs. (B.13), yields the following constraint on the
Chan-Paton factors in eq. (B.14):

ki = n; €Z and i=1, 2. (3.15)

N-1
2imn1 /N -1 _ 2imni /N 2ih1 /N ha phi
€ QNA(m,M)QN =e€ Z € C(n17n2,h17h2)QN PN

hi,ha=0
N-1
= h h
= D Clumahnha) QN PN (3.16)
hi,ha=0

after having used eq. (A1) hy times in the first equality. Eq. (B.16) implies

N
C(N1,7L27h17h2) = 6[—11]1 1 C(n17n2)'

By using instead eq. (B.13) along the direction x5 one gets:

N-—1
i — i i h h
BZZWHQ/NP]{[A(nIJQ)PNf _ e?lﬂng/N E 6227r fh2/NC(n17n2,h17 hg)Q]VQ PNI

hi, ha=0
N-1
= h h
= Y Clumahnn)@N Py (3.17)
hi,h2=0

which implies that all the quantities C(;, p,) vanish unless

fhe =—ny  mod N. (3.18)

But, since Q% =1, hy is actually defined modulo N. Hence we can solve eq. (B.1§) as
hy = ﬁgng
where we have defined the constant fLQ as
fhe=—-1 mod N  0<hy <N (3.19)

in such a way that for any ny there is only one value of hy (modulo N). In conclusion, the
periodicity in ! and z? implies for C the following form:

C(nl n2,h1h) — 5[N} 5[N] C( (3.20)

h1,—n1"hy hong ni,nz)

Furthermore, eq. (B.2() implies that, for any value of ny and ng, we have just one value of
h1 and one of hy modulo N that allow to satisfy the periodicity in the two directions ! and
x2. This means that, for each value of the two integers (n1,n2) we have a definite value for
the integers (h1, he) modulo N and this selects therefore a unique matrix (Qﬁ? Pj\? )ab In the
expansion in eq. (B.14)). Thus the Chan Paton factors explicitly depend on the momentum.

- 14 —



3.4 The degenerate case: g = GCD(f,N) > 1

In this case we have that the periodicity conditions wZN = 1 are modified as follows:

=4

W)V = (w2) 7 =1

and therefore the momenta become:
n1 ) = nag
vVa'N vVa'N
By repeating the same procedure as in the non-degenerate case, we have that the condition
written in eq. (B.16) is unchanged, while eq. (B.17) is modified as follows:

k1 =

N-—1
2itnag/N pf —f _ _2imnag/N 2iwfha /N nh2 phi
e PNA(m,m)PW =e Cn1,na,h1,h2)€ QN Py
h1,ho=0
N—-1

_ ho phi
= E : C(m,nz,hl,hmhi)QN PN :
h1,h2=0

The following condition is implied:

N
ihQ =-—ng mod —. (3.21)

g g

The solution of this equation can be found by writing again:
hg =hyny  with 0 < hy < N/g (3.22)

and solving the following condition which is independent on ns:

f

. N
“ho=-1 mod —.

Finally, we can write:

ilg ne -i—?TLﬂ

A(”lv”?) = C(nl,ng,nl,ilg ng)QN ! P];nl (323)

with m € Z. However, eq. (B.23) immediately shows that we are losing some solutions. This
is because, due to the periodicity of the matrix @ which is N and not N/g, in varying m
in the interval 0 < m < g we have inequivalent solutions associated to the same momentum
ny/ Vva/N. This is an extra degeneracy, not present in the non-degenerate case, which leads
us to write, instead of eqs. (B.29) and (B.29), the following most general solutions:

N N
h2:h2’l’L2—|—A; 0§A<g
and

[V] [N]

C(n17ﬁ27h17h2) = hi,—n1 ho E22+AN/gC(n17n27A) ) 0 S A < 9g-
g
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Hence, given ni, we have only one value of hy = ny contributing in the expansion in
eq. (B.14), while, given ns, we have g possible values of hy. This means that each value of
momentum has a degeneracy g.

In the last part of this section we make some comments on the generalization of the
previous bundle construction to the case of magnetized branes living on a product of
T2 x T?... x T? of %l tori. The gauge bundle is again U(NV), but now it is broken into

the product HZCZ 21 U(N;) by the presence, in each factorized torus, of a background gauge
field with constant field strength Fl(é), withl =1,... ,ci/ 2. The cocycle conditions, given
in eq. (B.9), can indeed be satisfied by embedding, as in the 72 case, the background
gauge fields in the abelian parts of the gauge transition functions and choosing for the non-
abelian part the product of CZ/ 2 constant matrices, all equal to the ones given in eq. (B.19).
This choice of gauge bundle allows us to trivially generalize the previous analysis to the
product of T2 x T?...T? by simply adopting in each T2 the procedure developed before.
An interesting open question is to understand how general this choice is. It seems indeed
to be consistent when the second Chern numbers are integers 5. However it would be
nice to find general rules in constructing consistent gauge bundles associated to branes
compactified on a generic torus T4, We leave this analysis to further developments.

3.5 Boundary state of a non-abelian brane

In this subsection we derive the boundary state of a space-filling D25 brane of the bosonic
string theory, whose worldvolume spatial dimensions are partially or totally compactified
on a torus 7% The part of the boundary state containing the non-zero modes is the same
as in the uncompactified case. Therefore we need only to determine the part with the
zero modes.®> Our results can also be easily extended to the case of the D9 brane of a
superstring, because the zero mode structure is the same in the two cases.

The starting point is the computation of the annulus diagram in the open string channel
and this will allow us to make contact with previous results [I7, B3, [[§]. In this calculation
the role played by the bundle at string level, developed in the previous subsections, will
be very important. Then, by using open/closed string duality, we rewrite it in the closed
channel and from it we derive the boundary state. Subsequently, the same boundary
will be determined directly in the closed string channel along the lines of ref. [B3. The
two approaches provide the same boundary state up to a phase that, however, does not
contribute to the annulus diagram.

In order to use all the machinery developed in the previous sections we restrict ourselves
to the background R125-d (TQ)‘i/2 (d even). This simplification, however, will not be
necessary for determining the boundary state directly from the closed string channel. On
each of the tori we turn on a background gauge field with constant field strength given by:

0 F!
E = ( Fl 12) ]INl-
—412 0

3In the final writing of this paper we were informed by D. Duo, R. Russo and S. Sciuto that they have

obtained a similar expression for the boundary state @]
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Let us start by computing the annulus diagram in the open string channel in the case
in which the open strings are attached to two space-filling branes having the same gauge
field on their worldvolume and therefore satisfying the dipole condition. This amounts to
evaluate:
o
250 = M? / d—TTTr [e=2m7Lo] (3.24)
0

where, in order to be more general, we have considered M space-filling branes producing
the factor M? in the previous equation. These are degrees of freedom associated to an
additional U(M) gauge group under which the background gauge fields are uncharged. L
is the open string Hamiltonian given in eq. (2.26). After some calculation, eq. (B.24) in the
non-degenerate case becomes:

2 N
Zdipole _ M ‘/26—62 > d_TTfy [f (efﬁT)] —24
BE T gr2an@-d2 Jo T !
A Q] Q]
d/2 —onr 2 [%(g(l))pq%}
<TT| Y e S . (3.25)

This equation can be rewritten in the closed string channel by using the following Poisson
resummation formula:

Z exp [—m(w + ) A(w + z)] = (det A) /2 Z exp [-rwA ™ w + 2miw 7]

wWELP wEZLP

and the transformation properties of the function fi(e™™") = vt fi(e™™) under 7 — ¢t = 1,

obtaining:
_ M2V d/2 )\ /2
zr - Vi T (%) v
(8m2a/)26-d)/2 -1 2
d/2
o iy —24 / —T4sP, NiGYY 8% N,
x [ dt [fiem™] T T DD e 2o (3.26)
0 1=1 |s0)€Z

Eq. (B:24) gives the interaction between two stacks of M D25 magnetized branes in the
closed channel. By using the equation:

Zgvole — (D25(E, F)|A|D25(E, F))

where A is the closed string propagator, we can determine the boundary state apart from
an overall phase.

In this way we get the following expression of the boundary state, which we now write
both for the D25 brane of the bosonic theory and for the D9 brane of the superstring:

vdetE | Ty 4 om0l % ot Guar,

D= 1)(B, F)) = oM =

(3.27)
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, . d/2
oLy &€ G601k = 0:0,,04) H ID(d—1)(E, F)§,)zm..
=1

Here, d = 26 or 10, T,;_; is the tension of the space-filling brane given just before eq. (B-29),
u, v are the non-compact space-time indices and

_ ! - ) 7@
’D(d 1)(E7 F)Nl>z.m. =N Z 5&5)“727ra/qFngm£,“‘np y My > (3'28)
n(l)7m(l)eZ

oo

Xe  4n=l

3=

where £ is given in eq. (.1§). Notice that the particular structure of the delta function

is the one that is also required by the overlap conditions in eq. (B.24). Finally, in order

to reproduce the peculiar structure of the exponent in eq. (B.2() and also to implement

that the first Chern-class is integer as dictated by eq. (B.11)), we have to impose that
(l) = NlS(l) with s( € Z and we end with the following boundary state:

|D(d—1)(E, F)lNl>z.m. =N Z |27TO/NZ quq S(l)a Ny S(l)> (3.29)

S()€EL

Before discussing the degenerate case let us compare the boundary state in eq. (B.29) with
the one we have exhibited in eq. (17) of ref. [I§]. They only differ from the fact that
the zero modes in eqgs. (B:2§) and (B.29) have integer Kaluza-Klein momenta and winding
numbers, while the ones in eq. (17) of ref. [IJ] have integer winding modes but fractional
Kaluza-Klein modes. We think, however, that it is unnatural to have fractional Kaluza-
Klein momenta in the closed string sector and therefore we prefer the boundary state given
here which eliminates this feature.

The previous equations can be easily generalized to the degenerate case. Eq. (B.2§)
now becomes

/2

) ]\42 d 26—d
dipole aT —nr\]1—24
Zoip = (872a/)(26-d)/ Hg / i [f1(e7™)]
5 ( )
d/2 —2nT Zp q=1 |: (6leg( : 6 )(g l))pqinq G +q(l) 6q)
<JT1 D e (3.30)
’l:l n(l)EZ

where the overall factor [Hlaz 21 g(l)} and the peculiar structure of the momenta are due
respectively to the degeneracy and the structure of the dipole string momentum in the
degenerate case.

By rewriting it in the closed string channel we get:

| M2V, ;92 0\ o
dipole __ 26—d Pq 2 —mt\]—24
ZosF = —(87720/)(26—62)/2 ll_Il det—2 N; /0 dt [fi(e™™)]

d/2 < W 54
7£t8 Nl 5p+ )g 5q+72 Sq Nl
« | | § : e 2 @ Ho) 1140 )70 ] (3_31)

=1 |sy€z
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The zero-mode structure of the boundary state that is extracted from the previous equation
has again the form given in eqs. (B.2§) and (B.2J), but now one can impose a weaker

condition:

fl

S ez
90

N
(zﬂa/)ﬁqlﬂlz =
which requires that m?l) =N, / g S?l) However, in order to reproduce from the boundary

state the expression in eq. (B.31) for the degenerate case, we need to take m(l) =N s( ) (6 +

52 /gW). By collecting all the results we can write:

D25(E, FYy ). = Ny Y 27/ Ny aFl st (52 + 62/90), Nisqy (83 + 52/9)) (3.32)
S(l)EZ

The generalization of the previous expression to the D9 brane is straightforward. It is easy
to verify that the boundary state in eq. (B.33) reproduces the zero-mode contribution in
eq. (B-31). Notice that the asymmetry between directions 1 and 2 is a direct consequence
of the asymmetric choice for the transition function performed in eq. (B.19).

In the following we would like to explore the connection between the magnetized D25
branes carrying non-trivial gauge bundles and the T-dual systems corresponding to lower
dimensional branes generically wrapping some cycles of the torus. The T-duality which we
consider is the one that exchanges the Kéhler structures Ti(l)
Ul-(l) of the torus T2 defined as follows:

with the complex structures

) N0
70 =10 4310 = BY +iV/G0 ; v0 = vl yivf) = D2 YOO
Gt Gh1

The exponential factor in eq. (B.30), which is essentially due to the zero modes of the open
string Hamiltonian® on the torus 72, can be written as:

l DNy
( ny & +nyg <>55> (gD ( e “53> S (3.33)

) | N, l
N, N, U2() ‘g(_ll)T_ﬁ‘z

where we have used the open string metric on the torus 7%

O] O]
(GW)Pa = Tg ‘U(l)(l? —Ui . B = By — 2rd/qFs.
v+ pw?) \ U 1

Under the T-duality transformation, i.e. T' <> U, the Lh.s. of eq. (B.33) becomes:
l @ l l
T<l> g —nf Um 2 g - + gm TP

7 N
Tz( ) ’ U — <1> 7|2

(3.34)

N,
‘ lT (l)

where we have rewritten ngl)/g(l) as wgl)—kvy)/g(l) with wgl) € Z and vy) =0,...,¢'—1. The
T-dual zero mode Hamiltonian in the non-degenerate case can be interpreted as the one

“In the non-degenerate case and in the case of a squared torus this Hamiltonian appears in refs. [ﬂ 7E]
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of a lower dimensional brane wrapping respectively (£N;, Ff!) times the two one-cycles
of the torus as we have discussed in the introduction. This can be seen by comparing the
zero-mode Hamiltonian in the r.h.s. of eq. (B.34) for the squared torus 7?2 with B = 0
(T = R1R2 U =i %), with the zero-mode Hamiltonian given for instance in section (3.1)

of ref. [@]
@

In the degenerate case we see instead that, for v;

= (, the open string Hamiltonian
coincides with the one of a lower-dimensional brane with wrappings n; = +N;/ g(l), my =
Fft/ g along the one-cycles of the torus. For vgl) # 0, eq. (B.34) shows that also for zero
winding wll = 0 the open string has a minimal length and therefore the previous Hamilto-
nian describes the interaction between parallel branes displaced in the space transverse to
their worldvolume.® In this case, the zero-mode contribution to the D-brane interaction,

in the T-dual configuration, can be written as:

cZ/Z gO—1 U(l) 16D —(w (l)+v())T(l)‘2
7TT
(l) \"LU+ml\2
S 1| TLD ol S
=1 (l{;(l)7w(l))ezv(l) 0

where the sum over v()) suggests that the brane is not stable and decays into a stack of
g branes wrapped m; = :Ffl/g(l) and n; = :I:Nl/g(l) times along the cycles of the tori
(TZ)(Z).G

In the last part of this subsection we derive the boundary state with a gauge field on it
directly in the closed string channel starting from the boundary state without a gauge field
and following the procedure described in ref. [BJ that provides the following expression:

|D25(E, F)) = Tr (P e+i§qA) |D25(E, F = 0))

where the boundary state without the gauge field is given in eqs. (B.2§) and (B.29). The
previous path ordering is explicitly evaluated in appendix [D] getting

T25 det —z7rF<s 57 r J oot i
|D25(E. F)) = > detG FIro Z Ini = FijNs/,m' = s (3.35)
NP DR ue<6 D G110, 05)e™ Znct 7 @LnCurdZn |k = (),

Here sz = F' when i < j and zero otherwise. The boundary state in eq. (B-39) differs
from the one given in eq. (B.29) for a phase factor. However, this extra phase does not give
any contribution to the one-loop free-energy and this is the reason why in the previous
determination of the boundary it has not been possible to reveal its presence.

3.6 The string vertices

In this section we construct the vertex operators corresponding to the open strings having
their endpoints on the D25 branes. We limit our analysis to the compactified part of the

®See for instance section (3.2) of ref. [34].
6See the discussion on page 84 of ref.
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vertex and also to the lowest state, the tachyonic one, being the generalization to higher
state vertices straightforward.

In the non-degenerate case and on the simplest case of T2, the compact part of the
string vertex, describing an open-string tachyon living on a non-abelian brane is given by:

V($; k‘) _ eikiXi(m)A(kth)

where X(x) is given in eq. (B.15) with 0 = 0 and z = e", A is the Chan-Paton factor
and the momentum is given by

1 ny N9
ki,ka) = —, = .
(15 2) \/&(N’N>

Using eq. (B-47) it is easy to rewrite the previous equation as follows:

V(wik) = 0N 4 (3.36)

where we have neglected cocycle factors, an example of which is provided for instance by
the last term in eq. (B.43). The generalization of such a vertex to the case of (T 2)d/2 g
simply the factorized product of % operators, one for each torus 72, with the same structure
as the one given in eq. (8.39).

In sections (B.J) and (B-4) we have determined the structure of the Chan-Paton factors,
respectively in the non-degenerate and degenerate case, up to a c-number factor. In par-
ticular, for the non-degenerate case, the Chan-Paton factor is given in eq. (B.14) together
with eq. (B.20). Since now the Chan-Paton factor depends on the momentum, we must also
remember that the vertex operator in eq. (B.3() has to satisfy the hermitian conjugation

property
V(zk) = V(12 —k
(Za ) _Zﬁ ( /Za_ )
with h being the conformal weight, which imposes the following constraint on the Chan-

Paton factor:

) _

A(kl,kz) = N(ky —ko)- (3.37)
In order to satisfy the previous identity we must add a phase factor to the Chan-Paton
factor determined above and we get:

—inN o hakiks (Q%\/J/%QIQP&N \/J/ﬂ) (3.38)

A(kl,kg) = e

==

where hy is defined in eq. (B:19). The fact that A in eq. (B:33) satisfies eq. (B:37) is a
consequence of the relations: PT = P~ and Qf = QL.
It is easy to check that the A, 1,) matrix satisfies the multiplication rule

ik Al
e A(k‘l +11,k2+k2)ab

==

Ay ko)acN (1 ,1n)eb =



where we have introduced the product
kAl =—ma Nhy(kily — koly)

or more in general:

M L M
1— i ARG)
A i i = N2 Blk A A i i)y .
,Hl GRS 11 (S R M RS
1=

i<j=1

In order to compare with an alternative description of wrapped branes that we will present
in section 4, it is useful to evaluate explicitly the trace over the Chan Paton factors, that
is given by:

[N] [N]
) 5N\/J Tty k§i);05N\/J M k0 (3.39)

[,

The normalization coefficient \/—% introduced in eq. (B.3§) is there to ensure that the trace
over two Chan-Paton factors is independent on the number of colors.
The analysis done so far to determine the structure of the string vertices in the non-

degenerate case can be easily extended to the degenerate case. One gets again the vertex
ik; X
V(wsk, A) = M X e0@p Gy

where the momentum is given by:

By analogy with eq. (B.3§) we take, for the momentum dependent Chan-Paton factor, the
following expression:

1 T 7 il2n2+Aﬂ _
A(k?l,k;g),A = —\/N ele(hzanrAN/g) (QN g PNm> .

It satisfies the hermiticity property

T _
A(k?l,lm),A =Ny, ko)A

and the multiplication rule

. VaolN 21
el7r g (lefllA) elgk/\l A

A(kl,kg),AA(ll,lg),B = (k1+l1,k2+k2),A+B'

5-
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4. Narain branes

In the previous section we have constructed the boundary state and the open string vertex
operators corresponding to wrapped space-filling branes with a background gauge field
living on their worldvolume. They are described by gauge bundles. However, as we have
pointed out in the introduction, this is not necessarily the unique way of describing wrapped
magnetized space-filling branes and in this section we discuss another kind of space-filling
branes, the Narain branes. Their name is due to the fact that they can be obtained from
the usual branes without a background gauge field by means of a transformation of the
Narain T-duality group O(d, d, 7 ) which is reviewed in appendix [0 We construct the
boundary state corresponding to this kind of branes and show that it is coincident (up to a
phase which does not contribute to the one-loop vacuum amplitude) with the one already
constructed in the previous section for the gauge bundles. Then we add Wilson lines to
this boundary state in the case F' = 0 in order to describe a D-brane wrapped N times
around a torus and analyze their transformation properties under the Narain group, and
then generalize to the case F' # 0. We give the vertex operators for the open strings having
their endpoints attached to the Narain branes, showing that their scattering amplitudes
with closed strings are different from those that one derives from the gauge bundles. In
all the examples we will explicitly refer to the tachyon vertex because it encodes the main
features of the problem, the generalization to all other vertices being straightforward.

4.1 Narain branes from plain brane: general case.

In this section we consider the bosonic string, taking as our starting point a D25 brane in
a generic constant closed string background E* with no background gauge field (F! = 0)
on its worldvolume. By applying on it a general transformation of the T-duality group, we
get what we call the most general Narain brane having a non-vanishing constant magnetic
field F' on its worldvolume.

We start with a plain D25 on R!' ® T2 whose boundary state satisfies the boundary
conditions in eq. (B.23) with F' = 0:

(G + LY D3B! F! = 0)) = PIID(ELF = 0) =0 (4.1)

T=

The solution of these equations is given in egs. (B.2§) and (B.29) for d = 26.
We now perform a canonical transformation as in egs. (|C.1]), (C.9) such that DIC is
a well-defined quantity, then the boundary defining eq. ({1.1) becomes

X'

2ma!

[Pi +(D71C)y; } |D25(E, F) =0 (4.2)

that is equal to eq. (B.23) with the following gauge field:
F=2rdqF=-DC=CTDT. (4.3)

The last equality follows from the entry (2,2) of eq. (C.13). Here q is the electric charge.
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Under this transformation the zero mode part of the boundary (B.29) becomes:

|D25(E, F)) 2 = |D25(Et F'=0)).m

d tE N S s
(d tG) s€ 725

oD det & Z In; = 2ma/qF;;m? ,m' = DTisl) (4.4)
(de tG)1/4 s€Z25 ’ :

where in the first equality we have written the boundary state with a non-vanishing gauge
field as the one in eq. (B:29) with n! = 0 and m!? = s’. By rewriting those variables in
terms of n and m given in the upper equation in ([C.15) one gets the second line of eq. ([4)
that can finally be written as in the third line by means of eq. (.3). A detailed explanation
of the normalization factor is given in ref. [I§] and reviewed in appendix [J. Finally, when
det D # 0, the complete boundary state (B.29) satisfying eq. ({.2) is:

Ths \/— vdet&

D25(E, F))
| ( (det G)V/*

E In; = 2nd/qFym’,m" = DT;SJ>
€Z25

oo 1

em T, L Oéi,n ik(ng)thhjd‘in ’0a70(~1>6_ ZZO:I% Oé(lnGOOd(ln ‘ko — O> (45)

By construction this boundary state satisfies eq. (B.23) with F given in eq. [#3). Notice
also that this construction is valid for an arbitrary torus 7.

4.2 Special cases

T-duality on a factorized torus. In section [] we have given the boundary state of a
wrapped magnetized brane in the gauge bundle description. We would like here to compare
this with the boundary state corresponding to a Narain brane. To this aim, we consider the
simple case in which the compact space is a factorized torus. In particular, we can focus
on a single T2, being the generalization to (TZ)CZ/ 2 straightforward, and as a very special
example we consider the canonical transformation acting in the first torus T(Ql) along the

directions 1 and 2 realized by the matrix:

T I 18 1) 02

By imposing the condition Aa(p(1),q(1)) € O(2,2,Z) (see eq. C.3)) we get:

7 0 (ray 9y — sy Pl
(=sypay +ray )l 0

which implies that r(1)q1) — p(1)s() = 1. From egs. (C.2) and ({.6) we can see that:

detD = q(zl).
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This T-duality transforms a plain D-brane into a configuration of a D-brane with a gauge

field strength given by (see eq. (f.J)):

o 0o 2o D
orqa/ F = —D71C = <_@ aw ) = ﬁi@.
(I(l) q(l)

From this equation we can see that 2wga’Fio is an integer number. This realizes eq. ([L.J)
according to the second logical possibility discussed in the Introduction, not coming the
integer ¢(1) from any trace over the gauge group. The latter condition is the first hint that
the Narain branes are branes wrapped ¢(1) times on the entire torus.

In this case eq. (L) becomes

][(1) X" (1) ‘(/

where the zero-mode part of the boundary is now given by (see eq. ([f.4))

ID25(B, F)) om0V IEED 57

(det Gy) " 5

The factor g(;) appearing in front of the boundary in the previous equation confirms

)$%,m = —pyst,mb? = qqys'?) (A7)

that a Narain brane can be interpreted as a brane wrapping ¢(;) times the whole torus.
Indeed the area of such an object, its Dirac-Born-Infeld action (DBI) and therefore the
boundary state normalization should be proportional to g(;) because the brane covers ¢(y)
times the compact manifold and this indeed happens in eq. (f.7).

The boundary state in eq. (.7) coincides with the one given for the non-abelian branes,
see for example eq. (B.29), with the identification q(;) = Ni. The only difference between
the two is in the phase factor written in eq. (B-35). As already stressed in the Introduction,
this factor does not influence the one-loop free energy.

We can consider the more general case in which the T-duality acts on each torus T(Qa)

as in eq. () with parameters p(,), q(a), getting:

|D25(E, F)) zm

I
ol
Il e,
—

det g(oz) 20 20—1
o) 71 ‘nQa—l =DP()sS sN2a = —P(a)S >
[ ( (detG(a))1/4 82047822&:162 @ (

><|,’,’71204—1 _ q(a)SQa—l, m2a _ Q(a)52a> .

Plain Dp branes. In order to make contact with the kind of T-duality that transforms
Neumann into Dirichlet boundary conditions and viceversa, we consider another particular
case of the Narain T-duality group. We still consider a non-magnetized space filling brane,
and on it we act with the special case of the standard T-duality, given by:

A=| Yar i (4.8)
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with d = 25. This T-duality transforms a plain D25 into a configuration of a plain Dp

P!|D25(E", F' =0)) = 0
= Py |Dp(E,F =0)) = X"*|Dp(E,F =0)) =0

with 4y = 1,...pand iy = p+1,...,d. Let us give the transformation property of the
boundary state under the T-duality transformation in eq. (f.§). The non-zero modes of
the boundary state transform according to eq. ([C.19) with

5 AT ¢ AT _ [ E )T E )0
(¢ +DE)T(—C + DET) <2E¢ e —}M)

where Ey | =[| E;j, [, B L = Ei;, |l and so on. The zero modes transform according
to eq. (C.15). Thus the boundary state becomes:

Tys /dety, B | — Ih— gl gt =
Dp(E,F =0)) = ————+ g n =0,n S1,m sh,m 0
[Dp( ) 2 (det G)1/4 | | >

s€Z25

L BT (B-nRIn ol ' ik _J

X e

1 il o~ =d1 1.0 ~0
X €+ Z?ﬁ:l n a—nGlL]La—n |0a’ Oa>ei Zfﬁ:l n a—nGooa—n |kj0 — 0>

where the terms with EI ”(E” ”)_1 are present since the reflection conditions
Py|Dp(E, F = 0)) = 0 mix both all and ot

4.3 General transformation of ' under T-duality

We want now to determine how F' and © transform under T-duality. Let us start from a
D25 brane with a constant F'

]

[Pl- — Fy } |D25(E, F)) =0

2mad
and then perform a T-duality transformation given by the matrix A! in eq. (C:1)). In so
doing we get:

s . ¢
[(AT — FBT); i+ (C" ~ FDT)z’jQ—

mo! ] |D25(EtaFt)> =0
It is then easy to find that when
det(A+ BF) # 0

the system still describes a D25 brane
t’j

. X
(P! — By ID25(B, F)) = 0.

o/
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Indeed if det (.,Zl +F B) # 0, eq. (.9) can be written as:

1t

(4+ BF)T P (A BF)_T (é+ﬁF>T 2X

o/

] |D25(E", F')) = 0.

By comparing this equation with eq. (f.9), we get:
Ft = —(AT — FBT)"Y(CT — FDT) = (C + DF)(A+ BF)~". (4.9)
Notice that

Ft=0=F=D"'C=0TD"T. (4.10)

On the other side, when det(A + BF) = 0, some directions acquire Dirichlet boundary
conditions. In particular when
A+BF =0

eq. (£9) reduces to
X"'|D1(EY)) =0

corresponding to pure Dirichlet boundary conditions.
When det(ft + BF ) # 0 we can then evaluate how £ transforms:

e =FET + F' = (A+BE)T(C+DE)T + (C+DF)(A+BF)™!

where we have used egs. (C.16) and ([.9), together with eqgs. (C.13) and ([C.14). One can

equivalently write:
' ==FT 4+ F' = (A+BF)T&(A-BET)™L. (4.11)
From them we deduce
Gt ' = (A+BEYG YA+ B =T(F) g~ TT(F) (4.12)
0! = (A+ BF)O(A+ BF) + B(A+ BF)' =T(F) © TT(F) + BTT(F) (4.13)
with G and © defined in appendix [A]. Here we have introduced the matrix
T(F)=(A+BF)=(D-F'B)~T =1 "(Ft) (4.14)
and used the relation:
T(F)BT + BTT(F) = 0.

Notice the important fact that © does not transform “tensorially” under a T-duality but
it behaves like a connection and has a shift term.

The inverses of the previous equations can be obtained using eq. (C-IJ)), i.e A <
DT B — BT,¢ — CT and exchanging ! quantities with those without !. In comparing this

set of equations with the one we have written we find

(A-BET)=D-EB)T, (A+BE)=(D-ETB)T
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4.4 Adding Wilson lines to the boundary state

In section B.1] we have seen that a D-brane with F' = 0 wrapped N-times around a torus
can be described as a brane with gauge group U(/N) and a Wilson line background which
induces a non trivial holonomy [E] The boundary state description for such a brane can
therefore be obtained turning on Wilson lines to the boundary state discussed in section [1]
in the special case F' = 0. More explicitly we have to compute:

ID25(E!, Ft = 0,a')) = Tr PeitJi 4o «iX" ' pos( gt Ft = )
N
_ Z eiQW\/anﬁ bm1|D25(Et,Ft _ 0)>
b=1
Tys Vdet Bt
- D25 (E" " = 0) o
€

N
; Taaqt bet 1 ;
X§ : § : 6227"\/0“1%’ s |n§:0’mtlzsz>‘

b=1 s€Z?5

Let us also explore the effect of a T-duality transformation on the Wilson line itself. By
performing a T-duality on the previous expression one is immediately led to:

\D25(E, F,a)) = 125 =2V det D ”detl + [D25(E, F)) o
(det G)

X§ : § : 6227"‘/0“1%’ s |ni:CszSj’ml:Dsz5j>‘

b=1 s€2?5

Since we expect the Wilson line to be multiplied by the winding m’ = pTi jsj we deduce
that
al "D =db = o' "T(F) = a® (4.15)

where we have used eq. ([.14) for the special case F* = 0 and assumed that the transfor-
mation must be dependent on F'.

In order to extend the previous discussion to the case in which both a Wilson line
background and an abelian background gauge field F' (proportional to the unity) are turned
on, one can follow the same procedure since A4;(x)+ a; can be added to the boundary either
as tr PeitJo do (Aita) X" " o1 in two steps by computing tr e’ Jo do aiX" T giq [ do AiX" T
By choosing the second procedure, one starts with a boundary with F* = 0, then one
constructs the one with F' #£ 0 by means of a T-duality transformation with matrix Ay and

finally one adds Wilson lines. In this way one gets:

N
|D25(E, F,a)) = tr Peitld 4 X" | D5, F)) = Y 2mVeoaali’| Dos( B, F))
b=1

\/detE
= \/ 1/4 D25(E, F))pzm

» \/_ b'DT’L J 5T 1 3 ~NT i j
XZ Z S ZCOTZjSJamZ :Dgzj5]> (4.16)

b=1 s€2?5
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where F' = égﬁaT, |D25(E, F))y2m is the non zero mode part of the boundary, and 7’ is
the winding operator.

Finally one can study the transformation properties of the Wilson lines under T-duality
in the case F' # 0. Performing a second T-duality transformation with matrix A (see (C.1)))
on the previous boundary, its zero mode part becomes (see eq. ([C.9))

N
|D25(Et,Ft’at)>zm — Z Z eiQWan?DgljS]
b=1 s€ 725
xIn' = (CDF +DCF)s,m' = (ADS + BCY)s)

from which we get the transformation rule of the Wilson line under T-duality:
al DY = afT(ADY + BCL) = ol = alTT(F)

which is valid for the case det T'(F) # 0; when det T'(F) = 0 there are directions z¢ with

(]

DD boundary conditions where it is not possible to add Wilson lines anymore as in (4.16)

but it is possible to move the brane by e Jg o BaX?,

4.5 Vertex operators and scattering amplitudes in Narain branes

In the previous subsections we have studied how the boundary state and a gauge field F
living on a D25 brane transform under the most general T-duality transformation. In par-
ticular we have seen that, starting from a configuration without gauge fields on the branes,
the T-duality transformation, performed by the matrix A given in eq. (C.9), provides a
configuration with a non-zero gauge field given in eq. (.10). Moreover also the boundary
state acquires the same gauge field (eq. ([.§)). In this way one can obtain a theory with
a non-zero gauge field from a theory without it. Of course, if we transform not only the
operators but all quantities appearing in a string amplitude, as for instance the momenta
of the external particles, nothing will change because T-duality is a symmetry of string
theory.

In this section we want to extend this procedure to the vertex operators. Since we
know that we are going to get a theory with a gauge field given by F=CT"DT, we can
immediately write the vertex operators describing the emission of open string tachyons.
They are given by:

Vo) (x; k) = oiDo(k,F\Bip) . ei(kng(a:HkiXi(o)(x))
V(ﬂ') (y7k) - eiDﬂ(k’F’B;ﬁ) : ei(kng(:v)Jrkin(o)(y)) . (417)

where we assume that all the spatial directions are compactified. Here x = |z, y = |y|e'™.
We consider only one of such branes and consequently we do not need to introduce any
Chan-Paton factor. The factors e!Po.n(k:F:Bib) are the cocycles phase factors [Bd] and are
necessary to have a well-defined theory of open and closed strings. They can be explicitly
derived by requiring the theory to satisfy certain specific constraints such as the commu-

tativity among open and closed string vertices and a proper behavior of the vertices under
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Hermitian conjugation. Cocycles play an important role in determining whether the the-
ory is commutative or not. However, their explicit knowledge is not crucial for discussing
the main features of Narain branes and for comparing them with the non-abelian bundle
description of magnetized branes. Therefore we postpone their explicit evaluation and the
discussion about the commutation property of the theory to further developments.

Before going on, let us now spend a few words about how eq. (J.17) can be derived.
The vertex operator for an open string tachyon is obtained by inserting in the exponent of
the vertex operator the string coordinate in eq. (R.1§), computed at one of the endpoints
of the open string. But then, for instance in the case of o = 0, one can use egs. (B.47) and
express it in terms of X(io) 1» apart from a phase that contributes to the cocycle that we are
anyway not considering as explained above. A similar reasoning can also be used for the
other endpoint.

Let us now consider the vertex for the closed string tachyon. If the vertex has to be
used in an amplitude with only closed strings (sphere diagram), then, apart from a cocycle

factor, it is given by:
WT (27 z: kLa kR) —. e(ik‘oXO(z,E)-f—k:Lixz(z)-i—k‘RiX}i?l(E)) . (418)

where X7, and X are given respectively in eqs. (B:10) and (B:11)) and the variables z and
Z are defined in the entire complex plane.

On the other hand, the vertex for the closed string tachyon describing interactions on

the disk diagram is given by [B7, Bg, Bg]

Wi, (2, 2 ki, ki, yo) = €Dl BD) (4.19)
ei[%koxg(Z)—f—kLi(G'_lS)in]{(O)(z)] } ei[%koxg(z)Mm(G—lsT)ing(o)(z)] :
Here z is defined in the upper half complex plane and the phase factor e’Pc (k,F\Bib) are

the closed string cocycles. After having determined the open and closed string vertex
operators, one can then compute the scattering amplitudes involving them, but, before
doing that, let us first describe the action of T-duality on both the closed and open string
vertex operators. This will allow us to rederive eqs. (.17) and, more importantly, to study
in which sense the Narain branes are wrapped branes.

Let us start from the closed string vertex given in eq. (fl.1§) and show that, under
a T-duality transformation, it keeps the same form. By considering of course only the
compact space part and extending the T-duality transformations in egs. (C.6) to be valid

also for the coordinates Xz and X}%, and not just for their derivatives, we get:
X{i = (A+BE)X] ; Xj=(A-BE")X}.

On the other hand, we have to remember that also the external momenta k7 and kg
transform according to egs. (C.7) that, with egs. kp r; = Gijk) r and (C.17), imply the
following transformations:

kit =k T(A+BEY, kg =kF(A-BETY,. (4.20)
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By using the two previous equations, it is easy to see that the exponent in the vertex

operator remains the same in form:
t T yrti t Tyt 1.1 vyt T i
kri Xp +Fkgi Xg = ki X1 + kpiXg

where the index T' has been introduced here for the sake of clarity.

Let us consider now the vertex for the closed string tachyon to be used on a disk
amplitude given in eq. (4.19). From the transformation properties of the closed string
momenta given in eqs. (4.2() one can deduce the transformations under T-duality of the left
and right moving parts of the vertex operator by requiring that the closed string vertices,
written in open string formalism, are invariant in form under such a transformation. In

this way we get:
G' 18X} )(2) = (A+ BE)GEX )(2),
G' 1 T X py(2) = (A= BET)G'ET Xp) (2) (4.21)
for the left and right components of X.
But we have to take into account that in the open string formalism the left and right
parts are not independent because of the reflection conditions. They can be of two types

either Neumann or Dirichlet.

One can therefore distinguish two cases:

1. The reflection conditions are generalized Neumann boundary conditions” in both the

original theory and in the T-dual one. This implies the two equations:

X0 (@) = Xgo) () 5 Xp)(r) = Xg()(2). (4.22)
Thus, after imposing XE(O) (x) = X?%(O) (z) and using Xp)(r) = Xpge)(z) in
eq. ({.21), one gets:
(Gt 'e) T A+ BE)GTE = (GF et T (A - BET)G1ET
= A+BF =T(F).

The third identity can be verified by using eqs. (C.17) and ([.11). From eqs. ({.21)
we find:

Xi0)(2) =T(F) Xp)(2)  Xp)(2) = T(F) Xg)(2) (4.23)
which can be simply interpreted as due to the fact that in the T-dual system distances
are rescaled by T'(F). Thus the boundary conditions in eq. (#.29) can both be imposed
when

det T(F) = det(A + BEF) # 0.
After having examined the closed string vertices, we can now discuss what happens
to the open string vertices in eqs. (JE17). If we require them to remain invariant in

form, the following equation has to be imposed:

R T XL @) ikt TT(F) Xp)(2) — ikT Xp(0)(®)

"We call these b.c. generalized Neumann because they are Neumann b.c. on the X0 fields but not on
X ones; this in the spirit of the asymmetric rotation of [@]
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where we have used eq. (.23) and
KT =k TT(F). (4.24)

This is the vertex that we have already written down in eq. (£.17). The transforma-
tions in eq. ({.23) are obviously consistent with the OPEs in eq. (B.4§) when

Gt =T"T(F)GT ' (F)
which matches perfectly the first equation in (4.12).

. The reflection conditions are generalized Neumann boundary conditions in the origi-
nal theory and mixed generalized Neumann and Dirichlet boundary conditions in the
T-dual one. This is the case when

det T(F) = det(A + BF) = 0.

This condition is very general and corresponds to various different generalized Neu-
mann and Dirichlet boundary conditions according to the number of zero eigenvalues
of the matrix T'. For our discussion we consider a special subcase characterized by
the following condition:

T=A+BF=0= F'=ooc.

This special case corresponds to the Dirichlet reflection conditions in all the compact
X*t coordinates:

XE(O) (z) = —XE(O) () 5 Xpo(r) = Xg)(z). (4.25)

However in this case the T-dual coordinate does not have anymore the expansion in
eqs. (B.45) and (B.46), but one simply has (up to cocycles)

Xi(z) = Xi(o)(z) L XR(2) = X;%(O)(E)-

Comparing the vertices in the two T-dual theories as in eq. ({.24)) yields:

XE(O) (z) = (A+ BE)G_ngL(O) (z);
X () = (A - BE")G'" X o) (2).

Hence, the boundary conditions in eq. (#.25) are consistent if the following equation
holds:
(A+BE)G™'€ = —(A-BET)G T = BG.
This can be verified with the help of ' = —B~1A. Therefore we get a relation between
the “momentum” (actually distance) in Dirichlet directions k! and the momentum k,
given by:
kT = Kk'TBG.
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Moreover, in both cases, by using egs. (C.6) and (C.17), we have
1 1
T(z) = ——0X[ (2)GOXp(2) = ——0X[ (2)G'OXL ()

and, because of this, all conformal dimensions are preserved.

We are now ready to compute the scattering amplitudes involving open and closed
strings in the case of non-abelian and Narain branes, and compare them. As we will
see below, the amplitudes exhibiting a difference between the non-abelian and Narain
branes are the ones involving both open and closed strings. In particular, it is sufficient
to limit ourselves to external tachyons. We only consider the compact part of correlators
involving one closed string tachyon and M open string tachyons, up to phases that we have
systematically neglected in this paper. In the case of non abelian branes one gets

<O‘W(Z, Z; kL7 kR)V(xU kl) cee V($M7 kM)‘O>compact

M
IEA@@k?>
1=

=Tr A(Z, 2, Ty, ki)(SgTGilkL‘f'gGilkR‘f'ziw:l kr,0 (426)

while for the Narain branes one gets

<0|W(Z’ zZykr, kR)V(xl; kl) e V(xM, kM)|0>compact
= A2, 2,20, Ki)0er ey 4661kt M | ky0

where

M
Al 2,0, k) = [ (2 = )2/ EGTIETT o (5 g 2 REGTIET N
r=1

M
% H (2, — x8)2a’kTT(_}’1ks (2 — 2)204%{5450*1@ _ (4.27)
l=r<s

Egs. (f.26) and ([£.27) are easily seen to differ only for the trace over the Chan Paton factors
which is given in eq. (B.39). This is the consequence of the fact that the vertex operators

for closed string tachyons is the one given in eq. ([.1§) for both theories, while the ones
for open string tachyons have the same operatorial part as those in eq. (), but those in
the non-abelian branes have in addition momentum dependent Chan-Paton factors, given
in eq. (B.39).

By using the formulas in the appendices it is easy to show that the J-function which
is common to the two correlators gives:

Moy
ni_ﬂjm]‘FZﬁ =0 ; i=1,2
r=1
in terms of the momentum n; and winding number m’ of the closed string and the momenta,

%T of the open strings. For the sake of simplicity we have restricted our analysis to the two
direction of a torus 72. Using eq. ([.9) in the previous equation one gets:

m? EM: i i "y (4.28)
nK — — =N _— = .
N TN TN AN
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They can be satisfied only if the following relations holds

M M
Zn{ —mm?=sN ; Z nh +mm!' = soN (4.29)
r=1 r=1

where s; and sy are arbitrary integers. Finally inserting them back in eq. (4.2§) one gets:
ni+8 =ng+s2=20 (430)

The constraint imposed by the d-function can be satisfied only if eqs. (.29) and ({30 are
satisfied
In the case of non-abelian branes the trace over the Chan Paton factors imposes the

following additional constraints:
M M
\/O/NZ ko= an’z =riaoN
r=1 r=1

where 71 2 are integer numbers.

In conclusion, for non-abelian branes the relations in eq. (f.31) must be considered
together with eqs. ({.29) and ({.3(). Therefore the class of solutions that one gets for the
Narain branes is bigger than the one for the non-abelian branes and this means that the
two theories are not equivalent. Notice, however, that a difference can be noticed only if
the scattering amplitude involves at least one closed string. If we had only open strings
then one would get precisely the same conditions for the two cases. The same is true for
the case of a closed string with n; = m’ = 0.

In the previous section we have shown that the non-abelian branes provide a description
of branes wrapped N times on the torus T2 through the introduction of a non-abelian
gauge bundle based on the gauge group U(/V). In other words, the wrapping number N is
provided by the order of the gauge group. This is the reason why for this kind of branes we
must introduce Chan-Paton factors that turned out to be momentum dependent. In the
case of the Narain brane we do not have any non-abelian gauge field. Then in what sense
do the Narain branes provide a description of wrapped branes? Or can we say that the
Narain branes provide an alternative description of them? And if yes, what is the precise
meaning to give to this claim?

In the introduction we have discussed two possibilities for obtaining eq. ([.3). The
first one is based on the presence of a non-abelian gauge bundle and this is the one realized
by the non-abelian branes. In the following, we aim to show that the Narain branes seem
to realize the other possibility discussed around eq. ([L.3)). In order to see how this comes
about, we have to study what happens to the open string coordinate when we go around
the torus. This is what we are going to discuss in the last part of this subsection.

We start rewriting the tachyon open string vertex operator in eq. (f.17) for a Narain
brane which is obtained through a T-duality from a plain brane with F* = 0, as follows:

V(O)T (w5 k) ~: eikg(@iT)inI{(o)(l“) :
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where we used T(F) = DT (because of eq. (f14)). The fact that va'k! € Z immediately

implies that the theory is invariant under
X — X +2nVa/DTs Vs Z%
while in the original theory the vertex operator was only invariant under
Xt — X! 4 2nVls.

The periodicity of the open string coordinate can also be verified directly starting from the
operator which performs a shift of X* — X* 4 27s and rewriting it in the T-dual theory

Tt — g2mi sTgtpt _ o2 sTG'T(FYyp _ o2 sTT=T(F)Gp _ o2 (DT )T Gp

s - T@Ts-

In order to see more explicitly what happens it is convenient to specialize the previous
discussion to the first case treated in section [.3. There, T-duality acts on each torus T(2t)
as in eq. ({.6) with parameters (P(t), 4(r))- Tt is straightforward to write the compact part
of the tachyonic vertex, in fact, by focusing only on the first torus:

’ian}‘(O) (90)+"2X%(0) (=)

Vire(ask) ~me V0
where the compact momentum is v/ k = (;(L—ll), ;;—f)) with all n integers.

Unlike the open string vertices in the case of non-abelian branes, these vertices have
no Chan-Paton factors and describe objects with non-trivial wrapping

X2 = xt2 4 2%\/&(](1)8.

As discussed in section [1.9, the normalization factor in front of the boundary state in
eq. ([E7) suggests that a Narain brane is a brane wrapped ¢ times around the whole torus.
This means that the previous periodicity conditions have to be interpreted as simultaneous
conditions on X! and X? (in the case of T?)

(X1, X?) = (X1 + 2nVelqys, X2 + 20V g1y 9)
while
(X17X2) 7& (X17X2 + 27T\/JQ(1)8) (X17X2) 7é (Xl + QWWQ(1)87X2)

This is consistent with the fact that, with the special choice of the T-duality transformation
given in eq. ([.6), the matrix D is purely diagonal with two identical entries.

In conclusion, the theory based on the Narain branes seems to provide a description
of branes wrapped on the two-cycle of the torus, that is different, rather than alternative,
from that provided by the non-abelian branes. A further study of these two different
formulations of wrapped branes is needed to better clarify their physical properties and
what kind of wrapped branes they really describe.
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A. Conventions

e Indices:
Non-compact pu,v =0,...25 — ci;

Compact i,7,--- =1,...d;
. 5%\1 means m =n mod N;

e 't Hooft matrices Py and Qn:

01 ...0 L. 0
2im
Lotet. mi(1—N) 0enN
PN = ° : ’ ) QN = e N .
0 | :
10 ...0 0 2im 5

satisfying the commutation relation:

Py Qn = Qn Py e* /N, (A1)

e Background matrices:

E=| Eyl=G+B

E=|&;l=E"+2rdqF =G-B (A.2)
and
F=2r o' qF
B = B —2nd qOF B-F
-1 _ g

from which we deduce that
eglet =g le=a
1
0= (eT-eY)y=-¢'BT
B. Review of open and closed strings in flux background
In this appendix we review the solution of closed string equations of motion in constant

backgrounds on a torus in order to fix our notations and give some technical details about
the open string solution as well.
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B.1 Action and equations of motion

Let us consider the action for the spatial coordinates, labelled by the indices a,b =
1,...,d — 1, of a bosonic string® interacting with a constant gravitational and a Kalb-
Ramond background that is given by eq. (R.9).

Constant gravitational and Kalb-Ramond fields naturally arise when considering string
theory on a d-dimensional torus 79.9 Toroidal compactification requires the following

equivalence relation to be satisfied by any point 2% (i =1, ... ,CZ) of the torus T
o' =2t 4 2nVam! (B.1)

where m’ is an arbitrary integer. This relation has to be satisfied also by the string
coordinates themselves:

X'= X'+ 2rva/m’. (B.2)

The classical equation of motion for the string coordinates derived from S is given by
the usual free two-dimensional wave-equation:

D,0*X7 = 0. (B.3)

In order that the action be stationary under the general variation X* — X*+ 6X? we must
also impose either the closed string boundary condition

Xi(r,0+7) = X'(1,0) (B.4)
or one of the two boundary conditions at o = 0:

X'|y=0 = const

Gz‘jang + Bz‘jaTXj’0:0 =0. (B.5)

and similarly, and independently, at o = 7.
In the presence of such non trivial backgrounds the string conjugate momentum density
turns out to be:

oL 1 - . . 5 . .
P= = (G X7+ ;x| = X' =27a/GUR - GF By (XY (B6)

and the Hamiltonian is given by:

H:/Oﬂda [pi(X)i—L} _ /Oﬂdaa,j (XiXuX’iX’j). (B.7)

4o/

By plugging eq. (B.Q) in eq. (B.7) we get:
1

™ . ; . 1 ; .
H=r /0 do [O/PZ'G TP+ —(X') By Py + 5 (X)) (Gij - Bl-kahth> (X’)J] .

(2m)%
(B.8)

8 Although we consider the bosonic string where d = 26, we leave d arbitrary because many of the results
are also valid for the superstring where d = 10.
9We assume that d spatial coordinates are compact, while the remaining d — 1 — d are non-compact.
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B.2 General solution for the closed string

The general solution of (B.J) compatible with the closed-string boundary condition (B.4)
:.10
is:

Xi(o,m) = 5 (Xi(r +0) + Xh(r — o) (B.9)

where the left and right moving parts are defined as follows:

A . y 1 . .
Xi(t4+0) =27 +4d/GYpri(T + 0) +iV2 Z Ea’ne_Qm(T'H’), (B.10)
n#0
. 4 g 1 . .
Xp(7 = 0) = 2y +40/GVpr;(1 — 0) + V2 Y | ~dpe 2", (B.11)
n#0
One has:
ot =1l =af % = PLi = PRi

in non-compact directions and

1 . .
PLi = 5= [V a'p; — Biym! + Gijm]]
V@
1 . .
PRi = 5 ; |:\/ O/pi - Bijm] - Gl-jm]] (B12)
Vv

in compact directions, where m? € Z is the winding number. We can invert those relations
getting

m' =Va'G¥(pri —pri)  pi = EijGFpry + (ET) ;G ppy
where we have defined:

Eij = Gij + BU

By expressing the conjugate momentum in eq. (B.f) in terms of the oscillators one gets:

P 1 ~j ,—2in(t—0 i ,—2in(T+o
P=T ,% (G = Byj)e ™m0 4 (G + Big)ahe 20|
1

=7 [E;j0. X" + (ET);;0-X'] (B.13)

where also the following relation has been used:

% — 2m2\/a+ Vool Z [_&%G—Zin(’r—a) + a;e—Qin(T—f—a)
7 n#0
=0, X" —9_X". (B.14)

Of course, along the non-compact directions one has to set m* = 0.

OWith respect to the notation used in [@] we have exchd a < a.
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The quantization of the theory is obtained by imposing the following commutation

relations:

WLapLj] = iGij [x%apRj] = iGij
ms

OZ‘ZL] = mGij5n+m,0 [din,

[ )= mGij5n+m70
Those for the non-zero modes follow from imposing the canonical commutation relations,
while those involving the zero modes are a consequence of the canonical commutation
relations and of T-duality that requires to consider operators both z, g and py, g and not
only the combinations zr + x1, and pr + pr.

In a compact space, like T‘i, the total momentum p; = foﬂ do P; has to be quantized
since all physical states must be translational invariant under the shift in eq. (B.])), hence

for all compact directions ¢ one has:
\/in =n; € Z. (B.15)

By inserting the expansions in terms of the oscillators in the Hamiltonian (B.§) one
gets that the spectrum is given by the following quantity:!!

H 1 1 S R S o
5 = §ZTMZ + 3 Z Gij - {a’_naﬁb +akal, +at,al + d%din} : (B.16)
n>0
where
. g "
z=("), m=( ¢ "B . (B.17)
m’ BlkG J Gij - BlkG th

being 7; and M’ operators. It is also easy to see that:

1 1 3 3 A ‘
5ZTMZ = 5 |Gy — 20,GY Byai + i (Gig = ByGH By )il | . (B.S)

The Hamiltonian can also be written as follows:

H ~

with the explicit expressions of Ly and Ly given by:

00 0o
Lo = O/pLipLjGij + Z Gz‘j : o/;nazl HEN f/o = O/pRipRjGij + Z Gij : déndZL : (B.QO)
n=1 n=1
where

1

()

Ry — B! £ G| . (B.21)
Ri

"Erom now on we consider the quantity % instead of just H because it is this quantity that determines
the spectrum of the theory with the correct normalization.
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It is straightforward to check that the level matching condition is given by;

o0
Lo— Lo =y’ + Y Gy [a',af, — &' a8 ] = 0. (B.22)

—nn
n=1

The vacuum is then defined as the state satisfying the following conditions
p710,0) = pk|0,0) = a},]0,0) = @]0,0) =0 Vn >0
The momentum states are normalized as
(ng, m*|nl, m'") = 277\/55%”; i i
for any compact direction z? and
(ku|k;> = 2m6(ky — k:;lt)

for any non-compact spatial direction 2 (a = p # ) and for the time direction (u = 0).

In the following we will consider the boundary state corresponding to a space filling
brane. In this case, if one starts from eq. (R.14) with the substitution o < 7, one can write
the equation that the boundary state has to satisfy, namely:

(Gij0-X7 + (Bij — 210/ qFy)0, X7]__|B) =0. (B.23)

In eq. (B-23) one has to insert the general solution of the classical equations of mo-
tion (B-J) compatible with the closed string boundary condition X'(r,0 + ) = X(7,0).
Such solution is given in eq. (B.9).

In doing that one gets the following conditions

(i — 2md/ qFym )| B) = 0 (B.24)
and
{(Gij — By + 271'0/qu]-) d% + (Gij + Byj — 271'0/qu]-) a{n] |B) =0 (B.25)
that can also be written as follows (by using eq. (B.32)):
(i + &5l ) 1B) = 0, (B.26)

being qF = qoFy on the boundary at ¢ = 0 and gF = ¢, F; on the boundary at ¢ = 7.

It is easy to rewrite eq. (B.24]) as follows:
J

(Sl + €5 | 1B) = 0 (B.27)

where &;; is defined in eq. (2.1§) and piL7R = GYpj.1 k.
For later use here we give the explicit form of the boundary state for a D25 brane that
satisfies egs. (B-26) and (B-27) with F;; =0 (7, = A (2m/dl)E P
274

|D25> = %67 20:1% at_yiL(ET)ik(E_l)thhjdt_ZL |D25>zm,c
e~ Znetw @LnCoodly |k — () (B.28)
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where the time direction has been added and the compact zero modes part is given by:

Vdet E
|D25) 2m.c = E In; = 0,m' = s°). (B.29)
(det G)/4 s

In the next sections we will include the dependence on F;; on the boundary state of a space
filling brane.
B.3 General solution for open strings: some technical details

In this section we solve the equation of motion and the boundary conditions in eq. (R.14)
for an open string. To this purpose it is convenient to rewrite eq. (R.14) as follows:

[E(O)U&FX g(o)wan]} o—0 — 0 (B30)
and
- . .
(004X = Ey0-X7) =0 (B.31)
where we have defined
Eoyij = Gij — (Biy = 2ma'qoF)) = Gij — Bgyiy = (E")yy + B (B.32)

with

0 A(0
Boyij = Bij — 27ra’q0Fi(j) = By — qo-Fi(j)
E) = 2ma' ) (B.33)

and similarly for the (7) quantities.
The general solution of the bulk equation in (R.13) is given by:

. 1r .. y
Xi(0,7) = 5 |GIEquE (r + 0) + GI(ET) 04 G (7 = )] (B.34)

with F*(1 4+ o) and G*(T — o) arbitrary functions.

We have chosen the particular form in eq. (B.34) because it immediately solves the
boundary condition at ¢ = 0 as we will show shortly. By inserting eq. (B.34) in the two
boundary conditions one gets:

(E0)G€0))i0-F (1) = (E0)G " €p))ij0- G (7) (B.35)
and
(Ely G E0))i0- F (T + 1) = (Em) G E() )i G (T — 7). (B.36)

Let us remind here that G¥ means the inverse of the matrix Gij, ie. Gikaj = 5; In
the following we will denote G% with G~! only when the indices i and j are not explicitly
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written. We are also using this convention for all other matrices. The boundary condition
at ¢ = 0 is immediately solved by

Gi(r) = F'(1) + const (B.37)
since the open string metric G satisfies the relation:
G0y = £0)G €0y = €0 G E(o)-

In order to solve the boundary condition at o = 7 it is convenient to introduce the quantity:

R, = (( e 5(0))—1)““ (g(w)aflggo’))kj = (5@;G5@)T5(W)G15(T0))2 (B.38)
which is a SO(d) matrix with respect to the metric G0
RTG)R = Go).
The boundary condition at ¢ = 7 can now be written as follows:
O, F' (T +m) = R0, F/ (T — m). (B.39)

In order to solve the previous equation one should diagonalize the R-matrix. However, in
the dipole case, one can avoid such a problem because:

@F® — ¢ F™ =0=R=1

In this case all the (0) quantities drop and one can simply write £ for (o) and so on. The
solution of eq. (B.39) is:

0. Fi(r + o) = Vool i <e*i(7+0)nﬂ)i‘a¥1 (B.40)
J

n=-—00
that can be integrated to give:
[e's) 1 7
Fir+0)=12"4+iV2 Z <Ee_i(7+")"l> ' o (B.41)
n=-—00 J

where 2 is an arbitrary constant of integration. The open string expansion (excluding

pure Dirichlet boundary conditions)!?:

Xi(o,7) = 3 (X7 +0) + Xh(r — o) (B.42)

(]

where Xi (7 + o) and Xh(7 — o) are the ones already written respectively in (B.16)
and (R.17). It is also useful to define the commuting coordinates xf,

2t =zl — 1/ 09 G pk (B.43)

12With respect to the conventions used in [ﬁ] (CRS) and in @] (C) we have G = gesr = gc,B =
—FoRrs = 21a’Be,G = Mcrs = Ge,2ma’©® = Ocsr = Oc.
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where x( satisfies the usual commutation relations
[zh, )] =0 ; [zb,p'] =iGY (B.44)
Given the operator x(, we define:
Xi(r+o0) = Xi(o) (t+0)+ W@'(G_lé’@g);pj
— (Gilé');- <X£(0) (t4+0)+ 770/(99){]91>
= (Gilé');- (Xp0)(T+0) + Wa'Gipr)j (B.45)
and
Xip(r = 0) = X (T — 0) + 7/ (G ETOG)p
= (G71ET); (X (7 = 0) + e/ (09}
= (G'ET) (X o) (T — o) + 7/ G~ Bp)’ (B.46)

where all the quantities with (0) depend on z( instead of z. Here we have introduced

sgn(n
Xp0)(2) = zo — 2d/ipIn z + iV 2 Z
n#0 V ‘n

XR(O)( )—xo—Qazpan+Z\/—Z Sgn
n#0 \/_

where z = (") Notice that for o = 0 equations (B:43), (B-49) and (B:49) becomes

2" 0<arg(z) <7

" —r<arg(z) <0

Xi(r) = 5 (X4(0) + X))
= Xp0)(1) — 7/ (0G):p/ (B.47)

where we have used that Xp,o) () = Xp() (7).
The spectrum of p’ is given by

Gijp |k) = kilk) =

n;
T Ir(xyi + G0yl k)
)

(0 are the constant parts of the gauge fields AEO’W .

with n; € Z and where q,
The OPEs read

XL(O)(Z)XE(()) (w) = =2/ In(z — w)G !
XL(O)(Z)XZ;(Q) () = =2/ In(z — w)G !
X (o) (2) X ) (@) = =20/ In(z — @)G " (B.48)

or using EGleT — gTg-lg = @

X1(2)XT(w) = =2/ In(z — w)G~!
X1 (2)XE (@) = =20/ In(z — 0)GrEGTLIEG™! = =20/ In(z — 0)ETEG™!
Xp(z)XE(w) = —2d/ In(z — w)G! (B.49)
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C. Short review of closed string canonical linear transformations

A general T-duality transformation is a canonical transformation of the form
X/t X/
2ma/ = A [ 2me C1
pt P (C.1)

A B N
A= ((f ﬁ> € 0(d,d, 7) (C.2)

with

where X =|| X’ || and P =|| P; || with i = 1,...d are column vectors. Here and in what
follows, the momentum p is understood with covariant indices, unless explicitly indicated.
To belong to the group O(CZ, d, Z) the matrix A must be a d x d matrix with integer entries

Al Qlayar— (V) 25 (C.3)
1,0 1, 0

This constraint simply follows from the canonical commutation relations:

satisfying the constraint

[X'(J),PT(U')] = [P(J),X’T(J')] = 10,0(0 — O'/)lcz

X T X 7
(£)or (5 Yo -(3 )

Under the transformation in eq. ([C.1]) the previous commutator becomes

(f) 0. (52" @)

However the commutation relation in ([C.4)) has to be invariant under the transformation
in eq. (C.1)) and thus equating the left hand sides of egs. (IC.4) and ([C.9) one gets eq. (IC.3)
implying A € O(d,d, R). In order to derive the constraint A € O(d, d, Z) for the T-duality
group we have to work a little more and we first define:

9 a9

d(o +17) ot —o)

which imply

=A <10z 0 ) A 271'0/806(0 o) (C.5)

0

and then we get:
X' =0Xp(t+0)—0Xgr(r —0) 2md’P=EdX,+ET0Xp

with E;; = Gij + Byj, being X, and Xp defined in egs. (B:10) and (B:11)). egs. (C.1)) can

be split into an holomorphic and an antiholomorphic part as

oxt '\ X, -0X%L '\ ~0Xg
(Etaxg ) =A (EaXL ) (EtT oxXt | A ETdXp (C.6)
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Looking first at the zero modes we get the following equations for the left and right momenta

= (A+BE) p) wi= (A-BET)
(PL) < A )ij (PR) ( B )ijA )
(E'plh); = (C + DE) y Py (ETpt); = <—C + DET) y PR
and, if we remember that windings and momenta in compact space are defined as
m=vo/G pL —pr) n=Vo(EG 'p,+E"G 'pp) (C.8)

where m =|| m' || and n =|| n; || and the momenta are understood with covariant indeces,
we easily get that under the transformation in eq. (C.4) m and n transform as

mt = Am + Bn m? m
A N =A C.9
{ nt = Cm + Dn T\ n (C.9)
which implies the desired constraint, i.e. A € O((f, d, Z ).

If we now consider the other terms we get the following equations for the left and right

oscillators

nez* (C.10)

al, = (fl + BE) Qo
an

= (A-BE")a,
For the sake of completeness we collect here some consequences of eq. (C.3). We find the
expression for the inverse transformation matrices A~ and A=7 to be

B 01; 01; DT BT
A 1:<1cz 0d>AT<1CZ 0d>:<éT AT> (G
0 1: 01; C
AT = d 1A d ) = R (C.12)
(hz()) <1d0> < A)

so that eq. ([C.J) can be explicitly written as

BAT + ABT BCT + ADT 01;
A AT: A A A A ~A A ~ A — d .1
! <DAT+CBT DCT 4+ CDT 1; 0 (C13)
ATC +CTA ATD +CTB 01;
ATTA= % 2 P DT | = d C.14
<BTC+DTABTD+DTB 1; 0 (C.14)

where in the second equality we have used the following identity:
AJAT =T = AJAT J=T=AJATJA=A=ATJA=J
The inverses of eqs. (C.9) and (C.10) can then be obtained using eq. (C.11), ie A —

DT B — BT,¢ — CT and exchanging ! quantities with those without ¢, explicitly

m = ﬁTmt + BTnt
n= CTmt 4+ ATnt
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Qp = (ﬁT + BTEt al,
~ S P = zZ* (C.15)
Oy = <D —-B'E ) ay,

From the two eqs. ([C.6) we get two different expressions for the relation between E' and
E
ET = (-C+DE")(A-BE")"! E'=(C+DE)A+BE)™! (C.16)
which are compatible because of egs. (C.14).
Finally we give the transformation properties of the background metric

Gt=(A+BE) TG(A+BE)' = (A-BET) TG(A - BET)™! (C.17)
which can be easily shown by writing G* = E* + E'T" and using respectively the second eq.
in (C.16) with its transposed and the first Equation in ([C.14) with its transposed.

Finally it is useful to establish the connection between our notation and the one used

in [Bg]. To this purpose we must consider the closed string Hamiltonian given in eq. (B.14).
By requiring the Hamiltonian to be invariant under the O(d,d, Z) transformation

HY 1 1 H
— = (ZYM 2+ = (A2 TATTMATYAZ) - = —
2 2 2 2
one gets M = A~TMA~!. By comparing such transformation with eq. (2.4.19) of ref. [Bg]
we get that ¢ = A~7. By using the expressions of g as given in ref. [B§ and A as defined

in eq. (C.3), we get:
_[ab) DC
9=\ cal ™ B A

where we have used the identity A~7 = JAJ, which trivially follows from eq. (C.d). In the
last part of this appendix we give some relations useful to determine the normalization of
the boundary state given in eq. ([L.4). To this aim we notice that:

(det B> (det(~C +DET)\" det(A — BET) det(A — BET)
det Gt \ det(A — BET) det G
_ { (det(—C + YA)ET))Qﬁ detD =0

. X C.18
(det D)?(det £)* 12 detD #0 (C.18)

where we have used the first equation in (C.16) and the second in (C.17) together with the
equality
det D~V det(—C + DET) = det(F + ET) = det €

which follows from egs. (f.3) (B-3). In this way we have determined the zero mode part
of the boundary state. Moving to the non-zero modes we notice that

T BT EIGN = o, (C+DE) (-C+DET) TG,
= ol £6TGa_, detD#0 (C.19)
where we have used eqs. ([C.10) and (IC.16) together with the following identity:

(C+DE)Y(-C+DEY) T =D C+E)T(-D I C+ETY T =¢¢"T.
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D. Boundary state: closed string calculation

In this appendix we determine directly in the closed string channel, the compact part of the
boundary state describing a non-abelian brane compactified on 72 and in the presence of a
background gauge field with constant field strength. The generalization of such calculation
to a generic torus 7% will be trivial. In order to simplify the calculation, we take the
background gauge field in the gauge:

A1 =0 A2 == F12£Cl

which is different from the gauge choice made in the section fl. Here, the z are the compact
coordinates bounded between 0, 2rva/, i.e. 0 < z¢ < 27V, with i = 1,2.

The boundary state in the presence of a magnetic field is related to the uncharged one
by the relation [BJ:

\D25(E, F)) = Tr (P etis qA) |D25(E, F = 0)) (D.1)
Denoting by ~ the closed path of the integration, we parameterized it as follows:
v: oel0, 1] — (X'(0), X*(0))

The path, in general, will wrap w’ times the torus and the details of such a wrapping are
important in the evaluation of the path-ordering appearing in the eq. (D.1]). This is because
every time that the curve makes a turn around the cycles of the torus, the gauge transition
functions must be introduced “to glue” the fields at the boundaries of the torus. Such a
gluing can be realized as follows. We first choose the origin of the compact frame coincident
with the first end of the curve and label with \;, (A\g = 0 and Aps41 = 7) the values which
the parameter o takes when the path cross the boundary values z* = 0, 27vo/, i = 1,2.
We can write then:

P
X(o) =2'(0) + 277\/&2 st o€ N\ Apri]
k=1

Here 0 < 2%(0) < 27V’ and sli, = —1,1 respectively if the path in the corresponding
interval [A\,—1,\,] “unwraps” or wraps once, while is zero if the curve is constant in the
interval. The total wrapping will be given by:

M
w' = g sy,
k=1

Now, we are ready to explicitly compute the path-ordering introduced in eq. (D.1]) in the
case of non-abelian branes. It is given by:

A
2 1 . rAp+1 1,2 2 1
s i Fioxtx'“dr ~S s
ey QT

Tr <P eiqu> =Tr [ei fAAol qF121'1$/2d7'Q;
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being, in this gauge, the U(1) factor of the gauge transition function slightly different from
the one given in section P:

_9ri/ ol 2
Ql —e 2miva'q Fiax w1 Q2 = wy

By using the previous parametrization of the curve v, we can write:

A A .
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which implies:
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The reordering of the last factor gives:

2 1 2 1 2 1 2 M 2 1 2
s{ 8] 85 s s s 2Vl )“iF
Wil Wil Wi wi? .. wiM wiM = ¢~ (V) iF2 5 Li= Ul wy

which cancels the last factor in the second line of the eq. (D.2), while observing that:

M p
> [ZS (Ap+1) XQ(A,,))+3,1,X2(A,,)] = w! X?(7)

p=1 1
we can write:

. . 2 .
Tr (P ezqu) _ e’foﬂ qF12 XX’ do’e—Qﬂ'Z\/OélFlgwl X2(7T)Tr [waﬂl wéUQ]

In particular the path ordering must be evaluated on the string coordinate expansion with
the result

&)

P eiqu _ ei27rq[Fijmimj waijrAnir?Lj] efm:v’quj Zzozl(aflfdin)(aj n—0% 1 w2

o wgt
where now all 7! are winding operators.

Let us now determine the non-zero modes contribution of the boundary state, starting
from the expression given in eq. (B.2§). The latter corresponds to evaluate the following

product of operators:
o~ qFij(a’=a't) (a1 ~a) — aiTGih(E_l)hk(ET)kjdjT|0 >

which, since (a’—a'") and (a/T—a’/) commute, can be easily evaluated with the introduction
of an auxiliary variable z:

e*ﬂ'a/quj(alfglﬁ)(aﬂ—faj) _ /H dZZ dZ 6*2i21+ﬂ'0{,qF¢j(a17&”)2J7(@”7&2)21
; ™
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The previous integral can be performed and one gets:
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Then, by using the zeta function regularization S °°1 = ¢(0) = —3, we can get the
N g g 1 2 &)
complete contribution from non zero-mode
[Tr <P eiqu> \D25(E, F :0))} = \/det(ETE-1)e~ Tatn @l (GETTE),m g
nzm

We can now examine the zero modes contribution and we find

[Tr (P eiqu> |D25(E, F = o)>] -

zZm

Vdet E 3 A ;
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€

The previous calculation can also be generalized to a generic torus, getting:

[Tr (P eiqu) |D25(E, F = 0)>} -

zm

detE N i < dig ~ . . .
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e

where F; = Fl-j if i < j, zero otherwise. The factor Tr(w;* .. .wjz‘i) acts as a projector on
the possible values of the integers s. This projector depends explicitly on the form of the
various w but we can nevertheless deduce the important constraints

nZ:Eij ez
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which are valid for all the values of s which survive the projection. The proof is very easy
and for nq goes as

Tr(w'...w?) = Tr(ww.. wd wit)

. b j S -
A PR (P wd‘i)

The final form of the boundary reads

T det wl w2 "'wﬁ) _inF<gisi A . .
|D25(E, F)) = ;5 et )1 Z 4 TG ny = By m? = s')
o O (D.3)
with:
Tr(wi'ws? ... w wd) = N(SLJI] 5[N}
References

[1] A.M. Uranga, Chiral four-dimensional string compactifications with intersecting D-branes,
[Class. and Quant. Grav. 20 (2003) S373 [hep—th/0301032].

[2] D. Liist, Intersecting brane worlds: a path to the standard model?, |Class. and Quant. Grav)

21 (2004) S1399 [hep-th/0401154].

[3] R. Blumenhagen, M. Cveti¢, P. Langacker and G. Shiu, Toward realistic intersecting D-brane
models, |[Ann. Rev. Nucl. Part. Sci. 55 (2005) 71| [hep-th/050200§].

[4] R. Blumenhagen, B. Kors, D. Liist and S. Stieberger, Four-dimensional string
compactifications with D-branes, orientifolds and fluzes, |[Phys. Rept. 445 (2007) 1|
[lhep-th/0610327].

[5] W. Taylor, Lectures on D-branes, gauge theory and M(atrices), hep—th/9801189.

[6] A. Hashimoto and W. Taylor, Fluctuation spectra of tilted and intersecting D-branes from the
Born-Infeld action, [Nucl. Phys. B 503 (1997) 199 [hep-th/9703217].

[7] Z. Guralnik and S. Ramgoolam, Torons and D-brane bound states, [Nucl. Phys. B 499 (1997)

241 [hep-th/9702099].

[8] A. Hashimoto, Perturbative dynamics of fractional strings on multiply wound d-strings,

J. Mod. Phys. A 13 (1998) 903 [hep-th/9610250].

[9] R. Rabadan, Branes at angles, torons, stability and supersymmetry, Nucl. Phys. B 620

(2002) 159 [hep-th/010703§].

[10] D. Cremades, L.E. Ibafiez and F. Marchesano, Computing Yukawa couplings from magnetized
extra dimensions, JHEP 05 (2004) 079 [hep—th/0404229.

[11] F. Ardalan, H. Arfaei and M.M. Sheikh-Jabbari, Noncommutative geometry from strings and
branes, JHEP 02 (1999) 016 [hep-th/9810079].

[12] R. Blumenhagen, L. Gorlich, B. Kors and D. Liist, Asymmetric orbifolds, noncommautative
geometry and type-I string vacua, |[Nucl. Phys. B 582 (2000) 44 [hep-th/0003024].

,50,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2CS373
http://arxiv.org/abs/hep-th/0301032
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2CS1399
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2CS1399
http://arxiv.org/abs/hep-th/0401156
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ARNUA%2C55%2C71
http://arxiv.org/abs/hep-th/0502005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C445%2C1
http://arxiv.org/abs/hep-th/0610327
http://arxiv.org/abs/hep-th/9801182
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB503%2C193
http://arxiv.org/abs/hep-th/9703217
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB499%2C241
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB499%2C241
http://arxiv.org/abs/hep-th/9702099
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA13%2C903
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA13%2C903
http://arxiv.org/abs/hep-th/9610250
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB620%2C152
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB620%2C152
http://arxiv.org/abs/hep-th/0107036
http://jhep.sissa.it/stdsearch?paper=05%282004%29079
http://arxiv.org/abs/hep-th/0404229
http://jhep.sissa.it/stdsearch?paper=02%281999%29016
http://arxiv.org/abs/hep-th/9810072
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB582%2C44
http://arxiv.org/abs/hep-th/0003024

[13] R. Blumenhagen, L. Gorlich, B. Kors and D. Liist, Noncommutative compactifications of
type-I strings on tori with magnetic background fluz, JHEP 10 (2000) 00§ [hep-th/0007024].

[14] M. Bianchi and E. Trevigne, The open story of the magnetic fluzes, JHEP 08 (2005) 034
[hep-th/0502147].

[15] I. Antoniadis, A. Kumar and T. Maillard, Magnetic fluzes and moduli stabilization,

Phys. B 767 (2007) 139 [hep-th/0610244].

[16] I. Antoniadis, A. Kumar and B. Panda, Supersymmetric SU(5) GUT with stabilized moduls,
brXiv:0709.2799.

[17] 1. Pesando, Boundary states for branes with non trivial homology in constant closed and open
background, hep-th/0505052.

[18] P. Di Vecchia, A. Liccardo, R. Marotta, F. Pezzella and 1. Pesando, Boundary state for
magnetized d9 branes and one-loop calculation, hep-th/0601067.

[19] M. Bertolini, M. Bill6, A. Lerda, J.F. Morales and R. Russo, Brane world effective actions for
D-branes with fluzes, Nucl. Phys. B 743 (2006) 1| [hep-th/0512067).

[20] D. Cremades, L.E. Ibaniez and F. Marchesano, Yukawa couplings in intersecting D-brane
models, |JHEP 07 (2003) 03§ [hep-th/0302104].

[21] M. Cveti¢ and I. Papadimitriou, Conformal Field Theory couplings for intersecting D-branes
on orientifolds, |Phys. Rev. D 68 (2003) 046001 [Erratum ibid. 70 (2004) 029903]
[hep-th/0303083.

[22] S.A. Abel and A.W. Owen, Interactions in intersecting brane models, [Nucl. Phys. B 663

(2003) 197 [hep-th/0303124].

[23] R. Russo and S. Sciuto, The twisted open string partition function and Yukawa couplings,
VHEP 04 (2007) 03( [hep-th/0701292].

[24] D. Duo, R. Russo and S. Sciuto, New twist field couplings from the partition function for
multiply wrapped D-branes, hep—th/07091805.

[25] G.’t Hooft, Some twisted selfdual solutions for the Yang-Mills equations on a hypertorus,
[Commun. Math. Phys. 81 (1981) 267.

[26] C.-S. Chu and P.-M. Ho, Noncommutative open string and D-brane, [Nucl. Phys. B 550

(1999) 151 [lhep-th/9812219]; Constrained quantization of open string in background b field

and noncommutative D-brane, [Nucl. Phys. B 568 (2000) 447 [hep-th/9906197].

[27] C.-S. Chu, R. Russo and S. Sciuto, Multiloop string amplitudes with B-field and
noncommutative QFT, [Nucl. Phys. B 585 (2000) 193 [hep-th/0004183.

[28] C.-S. Chu, Non-commutative geometry from strings, hep-th/05021617.

[29] L. Gorlich, N =1 and non-supersymmetric open string theories in six and four space-time
dimensions, hep-th/0401040,

[30] E.J. Ferrer and V. de la Incera, Mass eigenvalues of the open charged string in a magnetic
background, |Phys. Rev. D 52 (1995) 1011} Global symmetries of open strings in an
electromagnetic background, |[Phys. Rev. D 49 (1994) 2926

[31] J. Polchinski, S. Chaudhuri and C.V. Johnson, Notes on D-branes, hep—th/9602052

,51,


http://jhep.sissa.it/stdsearch?paper=10%282000%29006
http://arxiv.org/abs/hep-th/0007024
http://jhep.sissa.it/stdsearch?paper=08%282005%29034
http://arxiv.org/abs/hep-th/0502147
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB767%2C139
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB767%2C139
http://arxiv.org/abs/hep-th/0610246
http://arxiv.org/abs/0709.2799
http://arxiv.org/abs/hep-th/0505052
http://arxiv.org/abs/hep-th/0601067
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB743%2C1
http://arxiv.org/abs/hep-th/0512067
http://jhep.sissa.it/stdsearch?paper=07%282003%29038
http://arxiv.org/abs/hep-th/0302105
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C046001
http://arxiv.org/abs/hep-th/0303083
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB663%2C197
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB663%2C197
http://arxiv.org/abs/hep-th/0303124
http://jhep.sissa.it/stdsearch?paper=04%282007%29030
http://arxiv.org/abs/hep-th/0701292
http://arxiv.org/abs/hep-th/07091805
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C81%2C267
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB550%2C151
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB550%2C151
http://arxiv.org/abs/hep-th/9812219
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB568%2C447
http://arxiv.org/abs/hep-th/9906192
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB585%2C193
http://arxiv.org/abs/hep-th/0004183
http://arxiv.org/abs/hep-th/0502167
http://arxiv.org/abs/hep-th/0401040
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD52%2C1011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD49%2C2926
http://arxiv.org/abs/hep-th/9602052

[32] M. Bianchi and E. Trevigne, Gauge thresholds in the presence of oblique magnetic fluzes,
UHEP 01 (2006) 092 [hep-th/0506080].

[33] C.G. Callan, C. Lovelace, C.R. Nappi and S.Y. Yost, Loop corrections to superstring equation
of motion, |[Nucl. Phys. B 308 (1988) 221].

[34] C. Angelantonj, M. Cardella and N. Irges, Scherk-Schwarz breaking and intersecting branes,
[Nucl. Phys. B 725 (2005) 115 [hep-th/0503179.

[35] M. Frau, I. Pesando, S. Sciuto, A. Lerda and R. Russo, Scattering of closed strings from
many D-branes, |Phys. Lett. B 400 (1997) 59 [hep-th/9702037.

[36] 1. Pesando, Multibranes boundary states with open string interactions, to be published in
Nucl. Phys. B, hep-th/0310021.

[37] M. Ademollo et al., Soft dilations and scale renormalization in dual theories, |[Nucl. Phys. B

94 (1075) 221.

[38] A. Giveon, M. Porrati and E. Rabinovici, Target space duality in string theory,

244 (1994) 77 [hep-th/9401139].

,52,


http://jhep.sissa.it/stdsearch?paper=01%282006%29092
http://arxiv.org/abs/hep-th/0506080
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB308%2C221
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB725%2C115
http://arxiv.org/abs/hep-th/0503179
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB400%2C52
http://arxiv.org/abs/hep-th/9702037
http://arxiv.org/abs/hep-th/0310027
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB94%2C221
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB94%2C221
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C244%2C77
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C244%2C77
http://arxiv.org/abs/hep-th/9401139

